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BBenenune

[Tocobue pa3paboTaHO KOJUIEKTHBOM IIpemojaBareiiell Kapeapbl BHICIICH
MaTteMaTuKu-2 MoCKOBCKOro TexHonoruueckoro yHupepcutera (MUPDA) nis
CTyACHTOB O4HOW (opmbl o0ydenuss wuHctHTyTa PTC U Ousuko-
TEXHOJIOTHYECKOro MHCTUTYTa. [locobue conepKUT 0030p OCHOBHBIX TEM Kypca
MaTEeMaTHYECKOT0 aHajn3a 3-TO CEMEeCTpa, CIHCOK TEOPETHMYECKHUX BOMPOCOB
JUTsl TIOJITOTOBKH K clladye dK3aMeHa (3ayeTa), nepeyeHb peKOMEH1yeMO TuTepa-
Typbl. [IpuBeieHbl TpUMEpPHBIE BApUAHTBI KOHTPOJIBHBIX PaboT Mo Kypcy, oopa-
3e11 OuiieTa, TUIIOBOM pacuer.

Cooepiyrcanue Kypca. OCHOBHOE COJIEp)KaHHE Kypca MaTEMaTUYECKOTO
aHanu3a 3-ro cemectpa (ouHas ¢opma OOy4YEHUsI) COCTaBISAIOT CIEAYIOIINE
pa3zenbl. YUCIOBbIE Psiibl (MOHATHE CXOJIUMOCTH psiAa, MPU3HAKU CXOJUMOCTH
PAIOB C MOJIOKUTEIbHBIMU YJICHAMH, 3HAKOUEPEAYIOLIUICS psill, aOCOIIOTHAS U
YCIIOBHAsI CXOJMMOCTb, Teopema JlelOHuna, neicTBUs ¢ panaMu); QyHKLIHO-
HaJbHBIE PAIBI (00JIACTH CXOJMMOCTH psiia, pABHOMEPHAS CXOJUMOCTh, TEOpEMa
Benepmrpacca 0 paBHOMEPHOM CXOAMMOCTH, HENPEPBIBHOCTH CYMMBI psija,
MOYJIEHHOE MHTErpupoBaHue U auddepeHurpoBanue (yHKIHOHAIBHOIO psfa,
CTENEeHHOM psif, psia Telnopa, pa3inoKeHus OCHOBHBIX AJIEMEHTAPHBIX (DYHKIUN
B psan MaxknopeHna); psag @ypwe, unrerpan @yprse u npeodpazoBanue Dypbe;
pElIeHNE BOJHOBOTO YpaBHEHUs MeTo10M Dypre.

Cmpykmypa nocobus. B nocobue BkIoueH pasnenl «OCHOBHBIC THITHI
3aJa4 [0 MaTeMaTH4YeCKOMY aHaiu3y (3-uil cemecTp)». DTOT pa3fes COACPKUT
JIB€ YacTu. B mepByro 4acTh BKJIIOUEHBI 33/1a4yl JJII CaMOCTOSITEIbHOM pabOThI
CTYZCHTOB (BBIIIOJHEHHE IOMAILIHUX pa0boT, MOATOTOBKA K KOHTPOJIbHON padoTe
Nel), Bo BTOpYIO - 3a/1aHus TUTIOBOTO pacueTta. B mocobue BxiroueHo «lIpuno-
JiceHue», B KOTOPOM IIPUBOJATCS OCHOBHBIE ONPENENICHUS W TEOPEMBbI Kypca,
pa3z0uparoTcs aaropuTMBbl pelIeHUs] TAOBBIX 33a]a4 Kypca.

Ot crygenTa TpeOyercs yCHEIIHOE OBJIAJICHUE MaTEPHAIIOM, T.€. HE00XO0-
JTUMO 3HaTh OMNpENETIeHUs! MOHATUNA, (OPMYIUPOBKH U JI0KA3aTEIbCTBA OCHOB-
HbIX TeopeM Kypca. CTyIeHT AOJKEH MPOJIEMOHCTPUPOBATH YMEHHME DPEIlaTh
TUIIOBBIE 33]]a4M Kypca.

MeToanueckue YKa3aHus

Teopus psAI0B UMEET MHUPOKOE MPUMEHEHUE B PA3JIMYHbBIX JTUCHUIUIMHAX,
WCIIOJIB3YETCS IPH PELICHUH NPUKJIAIHBIX 3a1a4.

B mamemamuueckom ananuze CTEIICHHBIE PSABl NIPUMEHSIOTCS IS BbI-
YUCJICHUs Tpefiena (PyHKIMHU, MPU BBINOJHEHUU MPUOJIMKEHHBIX BBIYMCICHUN
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(HaxokIeHre 3HaYeHUN (DYHKIMH, BBIYUCICHUE ONPECICHHBIX U HECOOCTBEH-
HBIX UHTETPAJIOB), PY BHIYMCICHUHU 3HAYECHUS TPOU3BOAHON (PYHKIIUU B TOUKE,
Hax0>XJICHUU CYMMBI psijia.

Teopust psIoB — 3TO OCHOBA meopuu PYHKYUl KOMNAEKCHOU NePeMeHHOLL.

B kypce obvikHo8eHHbIX Oudhdepenyuanvhvix ypagHeHuti ¢ TTOMOUIBIO Ps-
70B pemraroT 3anauy Ko mist nuneitHbx nuddepeHanibHbIX ypaBHEHUH.

B xypce mamemamuuecrkou ¢uzuxu Ha 6a3ze meroga Dypbe pemarTcs
ypaBHEHUs KOJeOaHU CTPYHBI, TEIJIONPOBOJHOCTUA H JIP.

B meopuu eeposimnocmeii Teopus psAOB UCIIONB3YETCSA I HAXO0XKACHUS
XapaKTePUCTHK CITy4YalHbIX BEJIUUMH, MPOU3BOASIIEH QYHKIIUH U Jp.

B meopuu cnyuauneix npoyeccos uHterpan u npeodpazoBanue Dypbe
IIPUMEHSIOTCS Ul CIEKTPAIBHOIO Pa3JIOKEHUs CTAlMOHAPHBIX CIIy4alHbIX
IIPOLIECCOB.

B kypce no ocnoeam meopuu yeneii, 8 Kypce paouomexHuxyu ¢ TOMOIIBIO
panoB @ypbe U3y4yaroTCs MEPUOJUYECKUE CUTHAIIBI, CTPOSTCSA AMIUIUTYIHBIE U
¢azoBslii ciekTpbl. Ha ocHOBe nHTerpana u npeodpazoBanus Oypbe U3ydaroTcs
CHEKTPhl HENEepPUOJMYECKUX cHurHajgoB. Ha mnpumeHeHun mpeoOpa3oBaHUs
@ypbe B PaIMOTEXHHUKE M IIEKTPUUYECKUX CHUCTEMAX OCHOBAH CIIEKTPAJIbHBIN
METO/I B IMHEUHON TEOPUHU.

[IpeoOpazoBanne Pypbe — MaTeMaTUUYECKass OCHOBA mMeopuu asmomamu-
4ecKo20 YNpasieHus.

Ananuz sghgpexmusnocmu pabomul K1ueHmoopueHmupo8aHHoOU KOMIAHUU
CTPOUTCSI HA OCHOBE TeOpUH BeposiTHOCTEH U TeopuH psioB (NPS-nooxo0).

Mpb1 mpuBenu  HEOOJBIIONW MEpeueHb 3ajady U3 Pa3INYHbIX oOjacTei
HAayKM U TNPAKTUKH, TAE€ HCIOIB3YETCs TEOpPUS PANOB, B JIEUCTBUTEIBHOCTH
CIIEKTp €€ PUMEHEHUS ropas3ao LIHpe.

B Teuenme 3-ro cemecTpa Mo Kypcy MareMaTH4YE€CKOTO aHaliu3a BBITIOJ-
HSIOTCS 08e KOHMPOJIbHble pabombl U MUNOBOU pacyem.
Koumponwvnaa paboma Nel npoBouTcst o TeMe « Hucnoswie psowviy.
Llens. IIpoBepuTh yCBOEHHME METOJOB MCCIEAOBAHUS CXOJIWMOCTH YHCIIOBBIX
PAIIOB.
Conepxanue. B KOHTpoIbHYIO paOOTy BXOMAT 3ajlaud, WJICHTHUYHBIC 3ajadyaM
yactu 1 manHOro mocodwus (tT.e. 3amaum Nel.1, 1.2, 1.3).

Tpumepuoitl gapuanm KoHmpoabHoUu pabomol Nol
1. MccrenoBaTh psifi Ha CXOAUMOCTh, OTBET 00OCHOBATH:
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2. HCCJ’IGI{OB&TB pad Ha a6COJ'HOTHy1-O H YCJIIOBHYIO CXOOIUMOCTBL, OTBCT 000CHO-
BaTh.

C N+l <A 4 1 1 < n 1
a). nz_ll(—l) -SIn (H)'tg(m); 6). Z(—l) -arctg(m)

[ee}

5= Z < (n +12)(n +13)

3. Bprauciurs cymmy psana

Konmponwvnaa paboma Ne2 nipoBonutcs 1no teMe « QyHKYUOHAIbHbBLE PAObLY.
Henw. IIpoBepuTh ycBOCHHE MPUEMOB HAXOXKICHUS 00JIaCTU CXOJUMOCTH psijia,
MIPUEMOB Pa3JI0KEHUSI PYHKIIMHU B CTEIIEHHOM Psiji, yMEHUN MCCIIEA0BATh Al HA
PAaBHOMEPHYIO CXOJIUMOCTb.

Conepxanue. B koHTponbHyto padoty Ne2 BXoasT 3agauu, UACHTUYHBIE 3a/a-
gam Ne2.2, 2.4, 2.5 n3 yacTtu 2 TaHHOTO ITOCOOus.

IIpumepnuiti sapuanm KoHmMpoIbHOU pabomuvl No2
1. Haitt mHTEpBAII CXOAMMOCTH CTENEHHOIO pAna. Mccienosars CX0QUMMOCTb
Ha KOHIIaX UHTEpBAJIA.

) Zn (x+5)" -sin (\/_ ) zzfxnj’L

2. Paznoxute ¢pynkumio f (x) B psg Teilsiopa B OKpECTHOCTH TOUKU X, . YKa-

3aTh 00JIACTh CXOJAUMOCTH MOJIYYEHHOTO CTETIEHHOTO PSa.
2%+9
a) F0)=(x=2e"", x=2; 6 fe0-212, %=-3.
3. Jloka3atb, 4TO (DYHKIIMOHAJIbHBIN PSJl CXOIUTCS PABHOMEPHO B YKa3aHHOU
3

> nx
oOtactu E L X € (—o00,4-00) ,
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Tunoeoii pacuem. B TUNIOBOW pacueT BXOAST 3aJa4u U3 yacTu 2. Tumo-
BOM pacueT BBIMOJIHIETCS KaXbIM CTYJAEHTOM B OT/AEJIBHOM TETpaau B COOTBET-
CTBUU C Ha3HAYEHHBIM eMy HOMepoM BapuaHTa. CTYJIEHT MOJApOOHO OMHCHIBACT
peIIeHNe KaXa0W 3a/1auu, OOBSICHSACT PEIICHHs 3aja4 MpernogaBaTeio, OTBeda-
€T Ha BOIpPOCHL. Hanuyue 8bin0OIHEHHO20 MUNOBO20 pacyema A6aiaemcs 0053a-
MeNbHbIM YCI08UEM OONYCKA CMYOeHma Ha IK3AMeH UU 3a4em.

[To uroram oOyyeHusi HA OCHOBE Y4YEOHOIO IJIaHa MPOBOJUTCA HK3aMEH
WJIM 3a4YeT.

IIpumepHulil 6apuanm dK3aMeHAYUOHHO20 (3a4emHno20) burema
1. UccnenoBaTh psll HA CXOJUMOCTh, OTBET 00OCHOBATH:




> (n+3 n® o s
_ 15" —— = > (=p ____©°
) nZ=1: [ n j %) n:l( D arCtg(\Nn +15)

= Hc-
“~—~ 5nIn®n

2. Haiitn HHTCPBAJI CXOAUMOCTHU CTCIICHHOI'O psaa

CJIEJIOBATh CXOJMMOCTD Psifia Ha KOHIIaX WHTEpBaa.

3. 3amana pynkuua T (X) =IN(A2X +7), x, = 2. Paznoxuts QyHKINIO
f (X) B psg Teitmopa B OKPECTHOCTH TOUKH X, . YKa3zaTh 00JACTh CXOAHMO-

CTH psija.

4. Paznoxute pynkmuio f (X) =9X, 3aganHyr0 Ha wHTEepBaNe (—77,77),

B psin Pypre. ObocHOBaTh cxogumocTs psga Oypse. Hapucosats rpaduk cym-
MBI psaa Oypsbe.

5. Berancnnts cymmy psiza >, (N +1) X" . Otser 060CHOBATS.
n=0

6. TeopeTnueckuii BOnpoc (13 CIUCKA TEOPETUUECKUX BOIPOCOB).
=, ncos? (nx)

7. Jloka3aTh paBHOMEPHYIO CXOAUMOCTb psJa Z >
—~ 3" +nx

8. Meron @ypbe penieHns BOTHOBOTO ypaBHeHHUs. [Ipumep.

, X € (—o0,+00)

3ameuanue: MO YCMOTPEHHIO MPEIOAABATEIIS KOJIMYECTBO 3a/1au OujieTa MOXKET
OBITH U3MEHEHO.

Teopemuueckue 6onpocel no Kypcy

1. OmnpeneneHue YUCIOBOTO pslia, €T0 CXOAUMOCTH. [IpuMepsl cxoasmuxcs u
pacxomsmiuxcst psiioB. HeoOXoauMblil mpu3HAK CXOAUMOCTH YHCIOBOTO
psana. [IpuzHaku cpaBHEHUS PSAOB C MOJIOKUTEIBHBIMU YJICHAMH.

2. Ilpusnak [lamambepa. PamukanbHblii M WHTErpanbHBIA mpu3Haku Korm
CXOJIUMOCTH PAJZIOB C MOJOKUTEIbHBIMU YJICHAMHU.

3. Ompenenenue 3HaKOYEpPEAYIOMIETOCsS YUCIOBOro psana. Omnpenenenue ao-
COJIIOTHOM M yclaoBHOM cxomumoctd. IlpusHak JleliOHWIIA CXOAMMOCTH
3HAKOYEPEAYIOIIETOCA PAaA.

4. CgoiicTBa aOCOMIOTHO CXOASIMUXCS PsaoB. CBOMCTBA YCIOBHO CXOSIINX-
cs panoB. [Ipumepsr.

5.  Omnpenenenne QyHKIMOHATBLHOTO Psifia, €T0 00JacTH cXoauMocTH. PaBHO-
MepHasi CXOIUMOCTh (PYHKIIMOHAJIBHOTO psiia. TeopeMa Belepmpacca.

6. Teopema o HempepsIBHOCTH CyMMBbI (YHKIIMOHAIBHOTO psfa. Teopema o
MOWICHHOM HWHTETPUPOBAaHWU (PYHKIMOHAIBHOTO psiga. Teopema o
nousieHHOM U depeHITMpPOBaHNH (PYHKITMOHAIBHOTO PS/IA.

7. Omnpenenenue creneHHOro psna. Teopema Abens. Pagmyc cxommmocTu
creneHHoro psnaa. [loBeaeHue psiaa Ha KOHIIAX UHTEpBaia CXOAUMOCTH.



8. PaBHOMepHast CXOIUMOCTh CTETIEHHOTO psifia. HempepbIBHOCTH CYyMMBI CTe-
NEHHOTO psAna. TeopeMbl 0 MOWIEHHOM WHTErpUpoBaHUU U auddepeHuu-
POBAaHUU CTENEHHBIX PSIOB.

9. Heob6xoaumoe ycroBue paznoKuMOCTd (YHKIIMU B CTEIEHHOH psia. Enun-
CTBEHHOCTH paznoxenus. Paapl Ternopa nu Maknopena.

10. Kpurepuii paznoxuMocTu PyHKIIMH B CTEEHHOH psia. [Jlocratounoe ycio-
BUE Pa3JOKUMOCTU (PYHKIIMU B CTEHEHHOW psiA. Pa3noxeHus snemeHTap-

HbIX (yHKIMH B psig Makiopena (€, 8N X, cosx, In(1+x), L+ x)™).

11. TIpumeHeHHE CTENEeHHBIX PSAAOB K pereHuto auddepeHImaibHbIX ypaBHE-
HUN, K TPUOJMKEHHBIM BBIUMUCICHUSIM 3HAYCHUS] (PYHKIUHU U ONPEJIETICH-
HOT'O MHTETpaja.

12. Psag ®ypwe no tpuroHomerpuueckoi cucreme GyHkuuid. KoagduimeHTs
®dypre. Paznoxenue B psg Oypbe yeTHor u HedeTHOU PyHkiuu. [Ipume-
PBL.

13. Psg dypbe Ha mpousBoJIbHOM Tiepuojie. Teopema JJupuxiie o CX0IUMOCTH
psana @ypse. HepasenctBo beccenst u pasencTso [lapcesais.

14. HWurerpan @ypbe B BEIIECTBEHHONW M KOMIUIEKCHOHN (Gopme. [Ipeobdpazona-
Hue Oypebe.

15. TlocTaHOBKa KpaeBbIX 3aJa4 JAJIs1 ypaBHEHUS KOJI€OaHUI CTPYHBI.

16. Merton ®yphre penieHrs BOTHOBOTO YPaBHEHUSI.

Pekomenoyemasn numepamypa
OcHoenas numepamypa.

1. Mmeun B.A., CagoBanunii B.A., CennoB b.X. MaremaTuueckuii aHaims.
Y. 1: YueOnuk ansa 6akanaBpos / - JlroOepirst: FOpaiit, 2016.

2. Unenn B.A., CapoBanunii B.A., CeanoB b.X. MaremaTnueckuii aHamm3.
Y. 2: YueOnuk ans 6akanaBpoB / - JIroGepisl: FOpaiit, 2016.

3. @uxrenronsl I'.M. Kypc nuddepenunanbHOro 1 THTErpaabHOro UC-
yucienus: Tom 1 — M.: Kuaura no Tpe6osanuto, 2013.

4. 3opuu B. A. Maremaruueckuit ananus. Yacte |, 2. — 6-e u3g, mo-
noyH.— M.: MIIHMO, 2012.

5. Mimena B.A., Tlo3usk D.I'. OcHOBBEI MaTeMaTHYECKOTO aHajm3a: B 2-x
1. M.: ®usmarimur. — 2014.


https://www.books.ru/author/ilin-237967/
https://www.books.ru/author/poznyak-9843/
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6. Kpacno M.JI., KuceneB A.N., Makapenko I'.1., lluxun E.B., 3ansanun
B.M. Bcs Bhicinas matemaTuka: AHaJIUTHYECKas T€OMETPHsI, BEKTOpHAs ajreo-
pa, nuHelHas anrebpa, nuddepennmanpHoe ucuncienue. T.1. - URSS. - 2014.

7. KpacuoB M.JI., KuceneB A.U., Makapenko [".U., lTukun E.B., 3ansnun
B.W. Bes Beicmas matematuka: MHTerpansHoe ncuucienue, auddepeHimatb-

HO€ MCYHCIIeHHE (PYHKIMI HECKOJBKUX MEpEeMEHHBIX, nuddepeHimanbaas reo-
metpus.T.2. - URSS. - 2017.

8. Kpacno M.JI., Kucenes A.W., Makapenko I'.U., Hlukun E.B., 3ansanun
B.W. Bces Beicmias Mmaremartuka: Teopusi psijoB, OObIKHOBEHHbIE nU(hepeHIu-
aJlbHbIC ypaBHEHUs, Teopus ycronuuBoctH. T.3. - URSS. — 2017.

9. Kpacnos ML.JI., Kucenes A.U., Makapenko I'.U., llukun E.B., 3ansanun
B.W. Bcs Beicmias matemartuka: KpaTHble U KpUBOJIMHEHHBIC MHTETPaJIbl, BEK-
TOPHBIM aHaau3, GYHKIMH KOMIUIEKCHOTO MepeMeHHOoro, nuddepeHImaibHbIe
ypaBHEHUS ¢ YaCTHBIMU TTpon3BoAHbIMA. T.4. U3m. 4. - URSS. — 2017.

10. AxcenenkoBa W.M., Maneiruaa O.A., llyxoB A.I'., Yexkankua H.C.
Panel. Uurerpan ®ypre u mnpeodpazoBanue Dypoe. I[lpunoxenus. M.:
MUPDA. - 2015.

Jononnumenvnas numepamypa:

11. AxcenenkoBa .M., Uronuna T.P., Mansiruna O.A. u ap. Maremartu-

Jeckuil aHanmu3. 1 cemectp. YueOHO-METOANYEeCKOe IMOCcoOOue IS CTYACHTOB (a-
kyasTeToB PTC, UT, Dnexrponuku. — M.: MUPDA.- 2013.

12. AxcenenkoBa V.M., Uronuna T.P., Mansiruna O.A. u ap. MaremaTu-
YECKUH aHaAN3. 2 ceMecTp. Y4eOHO-MeTOMIECKOe MMOCcOOre ISl CTYACHTOB (a-
kynbTreToB PTC u Onexrponuku. — M.: MUPDA.- 2011.

13. Kynpssues JI.JI. Kypc matematnyeckoro ananusa. T.1. — M.: Jlpo-
da, 2004.

14. Huxonbckuit C.M. Kypc marematmueckoro anammsza. T.1. — M.:
Jlann, 2005.


http://urss.ru/cgi-bin/db.pl?lang=Ru&blang=ru&page=Book&id=175995
http://urss.ru/cgi-bin/db.pl?lang=Ru&blang=ru&page=Book&id=175995
http://urss.ru/cgi-bin/db.pl?lang=Ru&blang=ru&page=Book&id=223239
http://urss.ru/cgi-bin/db.pl?lang=Ru&blang=ru&page=Book&id=223239
http://urss.ru/cgi-bin/db.pl?lang=Ru&blang=ru&page=Book&id=223239
http://urss.ru/cgi-bin/db.pl?lang=Ru&blang=ru&page=Book&id=223272
http://urss.ru/cgi-bin/db.pl?lang=Ru&blang=ru&page=Book&id=223272
http://urss.ru/cgi-bin/db.pl?lang=Ru&blang=ru&page=Book&id=220137
http://urss.ru/cgi-bin/db.pl?lang=Ru&blang=ru&page=Book&id=220137
http://urss.ru/cgi-bin/db.pl?lang=Ru&blang=ru&page=Book&id=220137

OcHOBHBIE THNIBI 33124
10 KypCcy MaTeMaTH4YecKoro aHaausa (3-ui cemecrtp)

MaTepI/IaH JaHHOT'O pa3aciia COACPKUT ABC YaCTH:

- yacmo | «HucnoBbIE PSABDY;
- yacms 2 «TunoBou pacuer.

Yacme 1

Yucnoswvie psaowt

3aoauu yacmu 1 cocmaeénsaom ocHo8y KOHmMpOabHOU pabomur Nel. Jlns
YCHEIIHON C/Iauyu KOHTPOJIbHOM pabOoThl pEKOMEHyeTCsl TPOPENIaTh BCE 3aa4u
yactu |. 3amauu, UACHTUYHBIE 3aJ]a4aM 3TOM YacTH, BKIIOYEHBI B YK3aMEHAIU-

OHHBIH (3a4ETHBII) OUIIET.

OcHostle onpedeﬂeﬂuﬂ u meopembvl, a maxKaitce I?Cl360]? peweHUA 3a0ay no

yacmu I npueeoenvi ¢ Ilpunoxcenuu.

3agaua Nel.l. Haiitu cyMmy S 4KCIIOBOrO psza.

1 S 1 9 00 _1 n+l
S S0
o n(n+1) 5
213 1 10 | g0 4 of
2 Gn-D@En+1 )
n—1(2n=-1)(2n+1) ~ 6
3 S 1 11 00 2n —l n
> D +(=1)
1 (Bn—=2)(3n+1) P
b1 12 | & 1
2 P
n:ln(n +3) T 4n 1
> | < 1 13
2Jn+1 2
El(Zn—l)(2n+5) nZ::l\m Jn+1++/n+ )
6 < 1 14 oo (_ 1)n+1
an(n+1)(n+2) nzjl; —n
7 S 2n+1 15 0 3n _2n
X, 53
nzzn(n _1) n=1 O
8 * 2n+1 16 - 10
g ?(n+1) nzzll (N +16)(n +17)
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3amaya Nel.2. VYcTaHOBHUTH CXOJMMOCTh WM PACXOAUMOCTD YUCIOBOTO Psija.

Vkazanue. B Nel-Nel5 ucnonp30BaTh HEOOXOAMMOE YCIOBHE CXOUMOCTH.

Lls 2n+3)sin 3 o N 3 5
2,@n+3sin(z ) 2.n°e” -1
n=1
2 o 10 w N AN
Y narctg 28 23 2
n=1 n-+ n= 13n +2"
3 inz(l—cos§) 11 ann( j
n=1 n n=1 n+100
0 2
4 Z5n +2n+1 12 SR :
~ 100n* +17 —~\3n+5
5| & 2 13 00( 5 5 )
coOS(——— _ _
nZ_;‘ (m) nZz“l\/n +n+1 \/n n+1
6 14 0
Z 2n+5 Z:In(3n+1j
3n+7 = \n+10
! i 5n2 +1)" " 15 3o on+3
=\ 5n* -8 1 /4n% +2n+1
8 Z 3n+1
a—1V10n+11
Vrasanue. B Ne16-Ne30 ucmnonp30BaTh NPU3HAKK CPABHEHUS.
16 © 23 o
I > (Vn-vn-1)
n—1n“—6n+10 n=1
17 | 2 Inn 24 *
- n®arct
ngl . Zl 9C5 12
18 | 3N _on 25 = (3n? +1
2 n_ gn Z(4n3 7]
n:]_3 +4 n=1 +
19 i4n3+1 26 i n’+5
“~3n° +2 7 vn®—6n+10-(3n+1)
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20 | » 1 27 © 1
n=1\VN“ +2n pmiin(n+1)
21 i (n+1)° 238 = sin?+/n
= n(n+2)n+5) nzzll 2"
22 | & 5+4n 29 o 1 1
4 n _ : -
;2+3n2 nzz;n (e 1)S|n(nj
30 &3
n=1 m+1
Viasanue. B Ne31-Ne38 wmcmonns3oBath npusHak Jlamamobepa.
31 i“(5n+6)3 35 in“
=1 2n n=1 n!
32 i 3" 41 36 | = 2
—1/n°+8 n=1(n +1)3"
33 ii 37 inzsin (j
n=1 n! n=1 2
34 | = nl 38 i (2n+1)n
13" +2" = 3".nl

WJIM UHTErpaibHbIM Npu3Hak Komm.

Vkazanue. B Ne39-No50 mcmonp3oBaTh paAuKanbHbIN npu3Hak Komm

39 0 n 45 & 1
Z( n+1j Z
n=1 3n+4 n:2n'lnn
40 $(3n+1 " 46 51
<\ 3n+4 =zn-%/inn
41 47

. on
Zln“(n +1)

n=1

< 1
nzzi‘n-(ZInn+5)3
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12 ¢ 18 | <
Y 3" arcsin ”(i) >
= n+1 = nin (In Inn)
2 ©
B w1 (ne1) 49 >
512” Y “~nin n(In Inn)’
44 i 5n+2)" 50 ie‘ﬁ
~| 4n+1 = Jn

3agaua Nel.3. VccrnenoBaTh Ha aOCOTIOTHYIO U YCIIOBHYIO CXOJIMMOCTD

3HaKOHCpeMCHHLIﬁ pAaa.

1 o (_1)n+1 8 00 N4l ( 1 )
-1)"""tg
;n'664n+3 nzl( ) Jn+1
21 & (-1 9 | & (1) G +4)
E‘Hn—l nz_;‘ 2"
e 0y e
Vo2 +2n+5 == n-Inn-(Ininn)°
4 i (-2) 11 i( 1)n+1(7n+lj
= n-Inn-+/Inn ~ 7n+5
> i( )" 12 i(—l)” n!
“~ ninn ~ n"
6 | © 13 | =
()™ |n(n+1j > (-1)"n-arcty (=)
n=1 n n=1
7| & _ 1 14 | = (_1)n+1n
~1)"(2n +3)sin®(—— L
nzzll( )( ) (\/ﬁ) 1 vn>+3n+1




Yacmes 2

TunoBou pacuer

Pemenune 3anau vacmu 2 moO3BONSET YCIHEIIHO MOJATOTOBUTHCA K KOH-
mpoavHou pabome No2. Yacmo 2 codepacum 3a0ayu munoso2o pacyemd. 3a-
auy¥, UOCHTUYHBIE 3ajadaM dTOM YacTH, BKJIIOYEHBHI B JK3aMEHAI[MOHHBIN
(3aueTHbIN) OWIIET.

OcnoeHble onpeodenernus u meopembvl, a makdce pazoop peuwlenus 3a0ay
no yacmu 2 npuseoenwvi 8 Ilpunoycenuu.

3amaua Ne2.1. VccnegoBaTh Ha CXOAUMOCTD YUCIOBOM Psijl.

13

(SN

n=.

BapUaHT BapUAHT
1 i3n ,(6n+7j"2 15 i n!'(n+3)!
n—1 6n+4 n=1 (2]’])'
> nf(en —1) Z
el n=1
3 i 2 17 iln(n+5)
~n-(7Inn+4)° = N+5
4 &2 5 18 | & cos*n
n°(@—cos(—-=))
nz—;‘ n+2 nzl:(sn+5) 3/32n? +
5 © nl 19 © 1
- —(1—cos(—=
nz_ll — nzz;, n+5( (Jﬁ))
S n(n+4Non+5 nzzl:(nJrgj
7 iln(n+5j 21 i 3
n+2 = (n+2)-3/In(n+2)

8 ilzn(2n+5jn2 22 i(5n+1)"




9 i 23n+5 23 i (n+1)!
— n! e nn+2
N 3" (2n+3sin’(—==) “ Z( 4) arcsin( )
n+3)sin n+ arcsm—
n=1 vn+1 4.44n% +5
11 n 25 nv/n
i(5n+3j3 i Jn+4
~\5n-4 o~y Jn+5
12 ES / 26 © 9
D 4n+9 > (3n+2)°(10™ —1)
nzl 8n +1 \/9n +15 —)
13 s ) 27 i A"
n=1 n2+1 n=1 2I’12
14 °° sin?n 28 = . 3 5
LRI sin(=) - cos
;(6n+4)\/ﬁ le (n) (1/n+2)

3aoauu no meme « OyHKUUOHATIbHBIE PAOBLY

3agaua Ne2.2. Haiitu panuyc 1 HHTEpBaJl CXOJIMMOCTHU CTENIEHHOTO Psi-

Ja. HCCH@HOB&TB CXOOAMOCTD pAda Ha KOHIIaX MHTCpBala CXOAUMOCTH.

BapHaHT BapHuaHT

1 2 15 o 3n
Z (x—6) ( 2n j (x+4)
= (n+1In(n+1) —i\2n+5

2 = n(x—7)" 16 i (x+12"
n=1 \/9n2 +1 nzln-Zn-«/n+1

3 Ja Xt 17 | = x+10)"
> X 5 (- b0
n=13 NvVn+1 n=1 m

M At i 18| 2 n(xr100"
= /n-(h?+1) = 33,3

5 o0 19 %
Z(—l)n 2n+1 Xn In(n+1)(x+7)n
] n(n+1) = n+l




6 o 1\ 20 0 ) 2
;(;:Jr;j (x+1)" nZ_ll(X—B) (1_COS(F))
7 < n1 (X+5)" 21 e (x+17)"
nZ]:.(_l) n(n+1) Z(2n +1)-In(2n +1)
8 o ( -1 3n+1 22 | & (n+1)Hx+5)"
El( ) (n+1)( nzll n®+2
9 S n+3 23 & e (x+12)
nZ( 1) n n+1 nZ;(—l) n-2"Inn
10 | = arctgn n 24 | & v 5
n§12n 21 (x-5) nZ:;(x+3) Sln(\/ﬁ)
11 o0 25 ® 3
> In(n: j(x 2) > (x+2)"n-(e" -1
12 © on(y _3) 26 > (y +5)
; :gn+1)2 ;E]-InS)n
s L3 x+§jn o i(x 4)" actg( )
ngz nin?(n) "
14 n 28 | & 4
(LJZ(X—Z)” 2,3 s (\m 907
=\ N+3

3axaua No2.3.*

3aHUIO MPETOaBaTENS ).

Haiitu o61acTh cxoauMoCcTH GYHKIIMOHATBHOTO Psija.
(3amaya He sBISIETCS 0053aTENbHOM, BKIIFOYAETCS B TUIIOBOM pacyeT 1o yKa-

BApHUAHT BapHuaHT
1 © 1 10 i 1
Ty 2,2
n=1N n=1n%e" X
2 * 1 11 © 1
Z1+xn X
n=1 n=1N




3 ] 12 © oy \"
250 o 2
4 13 ol Y
nzzll(anerlj
5 ix”tg 14 o oN
n n=1Xn +1
6 15 e 2x+1Y)"
nZZ; .[3x+5j
7 16 2 1
nzz; n+arctg *(nx)
8 17 X 1
Elﬁ +cos(nx)
9 18 2 sin(nx?)
= 9

3agaya Ne2.4. [Tons3ysaces Teopemoii Beliepmrpacca, JoKa3aTh, 4TO

(yHKUHMOHAIBHBIA PSAJl CXOAUTCS pABHOMEPHO B YKa3aHHOW 00JIACTH.

BapI/IaHT BapI/IaHT
1 =, sin (72nx) 15 ,
, X e|0;+ " xel0;
X <o) e xe0meo)
2 o 16 2
Z*SIH 4X 7+ X € (= o0i+o0)
n=1 n=1nN +X
3 o0 17
SOS(nz)()z’ e (- o0r4c0) X e (coortan)
n-1e" +n°x n* +x*
4 5\ 18 12,2
—,Xe|-11 , X € (— 00;+00
i e TR
5 © X 19 nx?
>S— = xel[-22] X € [0;40)
n=12"\n* + x? amin® +x°
6 20 e

® sin !Snx?' « (
yAE\—
n=1 X2 +3n2
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7 | &cos(nx) _ 21 |, 3.2
nZ=: nvn X (o) 1:5:;57)(6[0;"‘00)
n=
8 2 X 22| & cos®(mnx)
,Xe|-11 ——— X € |-+
S et 5 el
9 0 ] _ 2N 23 . arctg(nx
nlnX,XE[—l;l] ZT(nS),XE(—OOH-OO)
n=1 2 n=
10 © 2 1 24 = sin*(2nx)
R VL = ———— ,Xe -0+
nZ::lnl (X +an,Xe{ ,2} LT & (—ooj+0)
11 0 X 25 w X"
21n3 3 X € [0;+00) leln(1+ n—g), x e [01]
n= n=
12 | »  nx 26 | & (x+1)sin?(nx)
y X € |—00;+00 ,Xe[-30
nz:l3”(1+n2x2) e ) ; nvn+1 =l=30]
13 00 nx3 27 = "1 x)\" _
nZ=:1n6 +x8 X & (osioc) nz—ll(; N Hj x<35]
14 nx 28

inz (% + xj_n, x € [2;3]

n=1

3agaua Ne2.5. Paznoxuts Qynkumio f (x) B psag Teinopa B OKpECTHOCTH

TOYKHU X, . VkazaTe 00J1aCcTh CXOJMMOCTH ITOJIYYCHHOTI'O CTCIICHHOI'O pPsAaa.

Vkaszanue. Vicnons30BaTh pa3ioKeHUs 2JIEMEHTAPHBIX (DYHKIIMMI B CTETICH-

HBIC PAOBI.
BAapHUaHT BapuaHT
1 y:(X+4)3e_3X+5,X0:_4 15 _ (x+5)° . — 5
8x—1 ""°
2 y=(3x*+x+1)e”* x,=0 16 | y=(x-5)%e*",x,=5
3 y:e_X2+6X,X0 _3 17 | y=6-ch(5x),x, =0
4 y=@1-xfe® x, =1 18 | y=8-sh(7x),x=2
5 |y=(x+7tg(x+7)x,=—7 | 19 | y=(x+4)In(3-2x)x, =4
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2
6 = 2X X =0 20 y:In(Zx +3x—2)x0:1
4x° +3
Ty :4sin2(3x2)+ 6x",x, =0 | 21 | y=(x-2)°tg(x—2),x, =2
8 L S 22 =1In 2+ Xg=-1
x> +5x+6 " y=M5 )%=
9 y = X sin9x-cos9x, X, =0 23 _(x=27
3x+7 °°
10 | y=x°cos?(3x),x, =0 24 | y=x-(1-sin*6x),x, =0
11 _ X*2 25 | y=8x*arcsin(2x),x, =0
x24+2x—3" "
12 [ y=sin*xx, =0 26| y=\1+3x%,%, =0
. y=x*In 22Xy —o 21 1 y=(x=4)°In(3x+18) x, = 4
1-x
141y =x%e™* x, =0 28 | y =5xarctg(4x),x, =0

3aoauu no meme «llpumenenue cmeneHHvIX PA006»

3amaua Ne2.6.

Bapuanter 1-6. Haiitu npoussoanyro N-ro nopsiaka Gpyakmuu f(X) B

TOUKE X, HCHOJB3YS Pa3I0KEHUS JIEMEHTAPHBIX (YHKLUN B CTETIEHHbIE Psi-

I bI.
BAPUAHT N | Bapuant n
L f)=(x=2)Pe |27 4 | f(x)=x"sin’8x, X, =0 90
Xo =2
2 FX) =t 80| 5 f (x) = (x—3)° -arcsin(5x—15) , | 100
X2 +2x+7" 3
Xo =3
X, =—1
3 |t X, 481 6 | f(x)=In6x+11)+x*, x,=1 |10
x> +5X+6
X, =—1




Bapuantsel 7-10. Pemuts 3amauy Ko, ncnonb3yst TEOpUIO PsIOB.

19

Bapuant . 1
7 y'=y>+x°, y(0)=E
8 | y'=xy'-y+e*, y(0)=1 y'(0)=0
9 y'=xy* -y, y(0)=2, y'(0)=3

10

y'=xsin(y'), y0) =0, y'Q) =§

Bapuantsel 11-21. Beryuciauts npuOiamKeHHbIC 3HAUEHUS ONIpeIeIeH-

HOTO MHTErpasa ¢ TOYHOCTHIo 10 107

, UCTIOJB3YS TEOPHUIO PSAIOB.

BapHaHT BapI/IaHT
11 Of’ dx 16 °j5 In !1+ X2 ’dx
0 1+ X4 0 X2
12 0.‘.5 4 17 OJ? M i
o} 0 X
13 1 cin (2 18 0.6
jﬂ:ﬂdx j 31+ x2dx
0
14 0j8 e S 19 jarcsm(
0 0
15 0.3 20 0.5
J- In (1+ X) dX J-
o X 0
21 1
foosfs )d

Bapuantel 22-28. BbluyuciuTh CyMMy YHCIIOBOTO Psiia, UCTIONb3Ys
pa3I0KEHUS JIEMEHTAPHBIX (PYHKIIMI B CTENIEHHBIE PSAbI.

BapUaHT

BapUaHT

22

26

e
n=1
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23 n+1 27 2 4 2n
E_l_i_i_ _|_(_1) n 5—2—+ 32 —...+(—1)”%+
203 4 7 (n+1) 7 520 5.4 57 (2n)!

24 n 28 N
4+g+§+...+3—+... 1—1+}—...+—( D) +

21 3 n! 35 2n+1

Sl P S S i

3 5 (2n+1p

3agaua Ne2.7. BeuucnuTh cymMMmy psifia, HICIONB3Ys Aud epeHnnpona-

HHUC 1 HHTCTPUPOBAHUC CTCIICHHOI'O pAaA.

BapUaHT
1 2 3 n+1
1+ —+—+...+—
5 5
2 2.2 4.2° 6-2° 2n- 2%t
3 + e + ¥ +...+—32n_1
-2 -3 -4 -n-1
3 & _ & .8 —...+(—1)”’18—+...
1.2 2.3 3-4 n-(n+1)
4 2.2 3.2 (n+1)-2"
1+ +— .t +..
3 3 3
5 2 2.2° 3.2° n-22"t
§+ 7 + T +...+W
1 -2 —n+1
6 l _ 5 _ (_1)n—l
1.2 2.3 3-4 n-(n+1)
7 2 4 6 , 2N
3ty ot e
-2 2 0o-3 3 -4 n g-n-1
8 7.9 7090 790 a9
1.2 2-3 3-4 n-(n+1)
9 3-:2 4.3 5.4 an-(n=1
2_ 4 42 - 43 - +(_1) 4n—2
10 1 1 1 n 1
- 2 3 (_1) n
3.3 5.32 7.3 (2n+1)-3
11 .52 n
1_2 5 3 ? (—1)" (n+1)5
7 7 7"




12 1 2 3 ha N
E_S_S E_ +(_1) 152n1+..
3 1,1 1 .1
2 31 4.20077 (n+2)-n!
1 2 n
14 1_2 + 2 —...+(—1)”2—+...
2 311 4.2 (n+2)-n!
-1 -2 -3 —n
15 f4—§5+§6—...+(—1)”13—+...
. . . n-(n+3)
16 1 g §+...+ n +...
2 14 n+1)!
(n+1)
17 5 52 53 . 5n+1
273 ]_|+4 2|_"'+(_1) oy T
. -2! (n+2)-n!
18 1 2.7 3.7? s (n+1)-7"
> a3 + 2 —..+ (-1 %+
! ! (n+2)!
19 2—1 2—2 3—3 2—n
+ + +...+—t..
1.4 2.5 3-6 n-(n+3)
20 1 2 3 1 N
?—5—5+¥—...+(—1) 153n71+...
21 1.2 2.2 3.2° n.2"*
- + 73 =+ 75 +...+W
22 2.2 3.2° (n+1).-2"
1+ 3 + 32 +...+3—n+
23 2 2.2°2 3.2 n.2"*
7+ = + - +...+W
24 |1 12+ 13_ 14+ 1) 1 .,
3 3.3 5.3 7.3 (2n+1)-3™
25 1 2 3 N
R A
-1 -2 —n+1
26 |1 2% 27 i 2
2 2-3 34 n-(n+1)
27 1 2 3 g N
T A
28 2-1 3-2 4-3 5-4 an-(n—=1
— + - — ..+ (1) énZ )

30

3 3 3°

21
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3aoauu no meme «Pao @ypve. Humezpan @ypve»

3agaua Ne2.8.

Bapuantbl 1-5. Paznoxuts QyHKIUIO, 33JaHHYIO HA HHTEPBAJe (0; |),
B piag Dypee mo cunycam. MccnenoBaTh CXOAMMOCTH MOJYYEHHOTO psiaa
®ypoe. Hapucosats rpaduk cymmsl paga Oypee. Ilpu momory noinyueHHOro

(D~
2k +1°

Pa3JIOKEHNSI BBIYUCIUTh CYMMY YHCIIOBOTO psiia z

. 1
3anucartb paBeHCTBO [lapceBans, HaTH CymMy psna Z =
k=1K
Bapuantbl 6—10. Paznoxuts QpyHKIINIO, 3a1TaHHYIO HA UHTEPBAJIE (0; |),

B psan Dypee o kocuHycaM. MccnenoBarb CXOAUMOCTh MOJIYYEHHOIO psiaa
®dypre. Hapucosats rpadux cymmsl psiga Oypse. [Ipu moMoru moaydyeHHOTO

1
k:o(2k +1)?

3ammcars paBencTso Ilapcesanis, HaiTu cymmy psapa s L
k=0(2k +1)

Bapuantel 11, 12. Paznoxuth ¢GyHKIMIO, 33JaHHYIO Ha HWHTEpBaje

PAa3JI0OKCHUA BBIYUCIUTD CYMMY YHUCJIOBOIO pPsga

(0; |), B psia @ypbe 1o kKocuHycam. MccenenoBate CXOIUMOCTh MOTYYEHHOTO
psna @ypre. HapucoBath rpaduk cymmel psna @ypse. [lpu momornu nomy-

YCHHOT'O PAaA3JIOKCHMUSI BBIYHUCIMTL CYMMbI 4YHCJIOBBIX PSAI0B Z 21 ,
4n“ -1
k=1

0 (_1)[1 3 H . 0
> P aricath paBeHCTBO [TapceBaist, HaiiTn cymmy psja y ——— (4n
=1 - k=1

Bapuant 13. Pa3znoxuts QyHKIUIO, 3aJaHHYI0 Ha WHTEpBaJe (0,|), B

pan Pypse 1mo kocuHycam. MccemenoBarh CXOOMMOCTH IOJYYEHHOIO psila
®ypre. Hapucosats rpaduk cymmsl psga Oypse. [Ipu nomomu noayuyeHHOTro

0 (_ 1)k+1 © 1
PAa3I0KECHUS BEIYUCIIUTD CYMMBI YUCJIOBBIX PsIJIOB 27, Z_ 3anu-

2 2
k=1 K k=1K

o0
caTh paBeHCTBO [lapceBasis, HallTH cymMmy psiia Ziz],
k=1K
Bapuaunt 14. Paznoxuts QyHKIUIO, 3aJaHHYI0 Ha WHTEpBaJe (0;|), B

panx @Pypbe mo cunHycaM. MccienoBarb CXOAUMOCTH IIOJIYYEHHOIO psla
®dypre. Hapucosats rpaduk cymmsl psga Oypse. [Ipu momonu nosyuyeHHOro

(D"
a3JI0’KCHMSI BBIYMCIIUTh CYMMY YMCJIOBOIO psija -
P i P é (2k +1)°



-
k=1K
Bapuantbl 15-20. Paznoxuts B psag Pypbe MepHOIUYECKUN CHUTHAI

(V) e8]
3anucath paBeHCTBO [lapceBaiis, HaliTH cymmy psija 3 1

U(t)c nepuogoMm T =2l. HccnegoBar CXOAMMOCTH MOJYYEHHOTO Psa
®dypbe. Hapucoath rpaduk cymmbl psga Dypee. Haittu aMmiutyaHbIi

ciekTp A, =+/a+b?,tae &, u b, - korddurments Dypre.

Bapuantbl 21-24.  Pa3noxuth QyHKIUIO, 33JaHHYIO Ha MOJIYIEPUO/IEC
(0; |), B psag Dypre, IpoaoinKas €€ Ha UHTEpBAJIe (— |;0) byHKIMEH, paBHON
Hymto. MccnenoBaTh cxoauMocTh mnoiyuyeHHoro psaa dypwe. Hapucosatsb
rpauk cymmsl psiga @ypee. 3anucaTh paBeHCTBO [lapceBas.

Bapuantsl 25-28.  Paznoxuts B psin @ypbe NMepUOIUIESCKUI CUTHAI
u(t) c nepuogoM T =2l. HccaenoBaTe CXOAMMOCTb IOJYYEHHOTO psla
®ypre. HapucoBats rpaduk cymmsl psiia Oypbe.

BapUaHT BapUaHT
1 y=2x-6, xe(0;3) 15 ut)=4t I=xr
2 y=4-2X, xe(0;2) 16 ut)=3t+1, I=zx
3 y =3x-3, xe(0;1) 17 uit)y=| 2t |, I=z
4 y =8-2X, Xe(0;4) 18 ut)=2t+3, I=x
5 y =3x-15, x(0;5) 19 u®)=| t+1, I=z
6 y =6-4x, x<(0;3) 20 ut)=4t-1 1=z
7 y=x-2, xe(0;4) 21 y=1-3x*, xe(0:1)
8 =1-— : 22
y=1-x xe(0;2) y:cosg, x € (0;37)
y=2x-5, xe(05) y:ZSlng xe(01,57)
10 y=6-3x, xe(0;4) 24 y=2x*-3,x(0;2)
11 . X 25 2-3t, O0<t<2
—sin2, xelO0;x - ’
y=shy ©:7) u() {t+2, -2<t<0
12 X : 26 2t-1, O<t<l
—cos—, Xel0;xr - ’
y=eoso (0:7) u(t) {—t—l, ~1<t<0
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13 y = X2, Xe(O,l) 27 u(}{)_{stt, 0<t<057
—t+1, -057<t<0
T
14 —x3_ 28 2
y=x*-x, xe(0,1) u(t):{t +1, O<t<2
-1, -2<t<0

3agaua Ne2.9. IlpencraButh unrerpaioM Oypbe QyHKIHIO, 33aHHYIO

Ha UHTCPBAJIC (O,+OO), IMpoaAO0JIDKHUB e€ Ha BCIO YUCJIIOBYIO OChb YCTHBIM U HC-

YETHBIM 00pa3oM.

BapI/IaHT BapI/IaHT
1 1, O<x<l 15 12-3x, 0<x<4
T f(x)=
f(x)= > x=1 0, x> 4
0, x>1
2 1-x, 0<x<1 16 3
f(x)= 3-5x, 0<x<p
0, X>1 f(X): 3
0, X>—
5
3 £(x) = 1—5, O<x<2 o 5-6x, O<x§§
(x)= 2 (%)= 6
0, X>2 0 .
’ 6
4 2—3X, O<xsg 18 3-8X, O<x£§
f(X)I 3 f(X):
0 X>— 0 X>—
S N 4x-1 0<x<- 19 45y OQ<x<t
f(x)= 3 ’ "5
0 x> = f(x)= 4
4 0, X>§
6 sinx, 0<x< 20 18-3x, 0<x<6
f(x):{ ' 4 f(x):{
: X>7 0, X>6
7 cosx, O<x<rx 21 8
f(x): _1, «— 7 f(x)_ 8—5X, 0<XS§
> =
0, X> 7 0, X>—
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8 f(x)=e,x>0 22 6-7x, O<x<—
f(x)=
0, X>—
d 5-T7X, 0<xs? 23 4-3x, 0<x<—
f(x)= ; f(x)=
0, >3 0, X>—
10 7-2%, 0<x<— 24 7-6%x, 0<x<—
0, X>— 0, X>—
1 8-3x, 0<x<— 25 3-7x, 0<x<—
f(x)= f(x)=
0 X>—
0, X>— ’
12 9-3x, 0<x<3 26 16-4x, 0<x<4
f(x)= ) f(x)= <
0, X>3 0, X>4
13 27
10-3x, 0<xs% 14-3x, 0<xs%
flx)= 10 flx)= 14
01 X>— 0, X>—
3 3
14 2-9%, 0<x<— 28 sin 2X, 0<x<Z
f(x)= f(x)= 2
0 x>Z
0, X>— : >
3agaua Ne2.10.*

1) MpencraButh uHTErpagom Oypbe GyHKINIO, 33JAHHYIO HA HHTEPBAJIC

(O,+OO), IIpoaAO0JI’KHUB €€ Ha BCIO YUCJIOBYIO OChb YCTHBIM U HCUCTHBIM O6p330M
1;

f(x){

1

2:
01

0O < Xx<l1,
X =1,

X >1



C IMOMOIIBIO IIOJIYUYCHHBIX HHTCIPAJIOB CDprG BBIYUCIIUTL CICOAYIOIIHNC HC-

+00 : . 3 +00 or s 2
SIn X o SIn © X
COOCTBEHHBIC UHTETPAJIbI: J' ——dx, j il de, I 5 dx
o X 0o X 0o X

2) Haiitu kocuHyc- | cuHYycC-TIpeoOpasoBanue Dypbe QyHKINUU
f(X)=e_X, X=>0, npeacraButh €€ uHTerpasiom dypbe Ha UHTEpPBAJIE

(O,+OO) C IMIOMOIIBIO IMOJYYCHHBLIX HHTCIPAJIOB CDpre BBIYUCIUTL CIICAY-
+00

+00
. COS X
IOIIME HECOOCTBEHHBIC HHTETPAJIbI: '[ 5 dx, J’

o 1+X o 1+X

Xsin x

2dx

3) Haiitu kocuHyc- | cuHYyc-TIpeoOpasoBanue Dypbe QYyHKINUU

1 N
f(x)= 22 a >0, npencrasuts eé unterpanom Pyphe HA UHTEPBAJIE

(O;+oo), C moMolIbI0 MOJYYEHHBIX UHTErpasioB Dypbe BBHIYUCIUTH CIEY-

+00

~+00
—ax —aX aj
IOL1E HECOOCTBEHHBIE NHTETPAJIBL: _[e cos xdx , Ie sin xdx |
0 0

(3amauga Ne2.10. He sBIIICTCA 00s3aTEIIBHOM, BKIIOYACTCS B TUIIOBOM
pacyer 1Mo yKa3aHHIO TPEToaBaTes).

3aoauu no meme «Bonnoesoe ypasuenue)

3agaua Ne2.11. Metogom dypre HallTH pellieHue ypaBHEHHS KoJieOa-
d’u d«U

= = jumHbI =2, 3aKpericHHON Ha KOHIIaX:
dt?>  dx?

U(O, t) = U(Z, '[) = 0 u ynoBnerBopsromIEi CleyIOIMM HaYaIbHEIM YCIOBH-

e U(x0)=f(x),  QUXO_ )

HUW CTPYHBI

26

dt
BapUaHT f (X) (D(X)
1 X, 0<x<1 0
2—X 1<x<2
2 0 2X—Xx%,0<x <2
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3 -2X, 0<x<1 0
2(x—2), 1<x<2
4 0 ﬁ—QmOSxSZ
> 3 0<x<1 0
(2-x) 1<x<?2
-
6 0 4x—2x2,0sx£2
7 —-x, 0<x<1 0
X—2,1<x<2
2
8 0 XX gex<2
4 2
9 2X, 0<x<1 0
2(2-x), 1< x<2
10 0 8x—4x2,O£x£2
2
11 X——x0£x<2 0
2
12 0 —3X, 0<x<1
3(x—-2), 1<x<2
13 3x2 —6X,0< X <2 0
14 0 X
5’ 0<x<1
(2-% 1<x<2
5
15 4x—2ﬁ30§x§2 0
16 0 —2X
3 ' 0<x<1
2(x=2) 1<x<2
B
2
17 2 +x,0<x<2 0
18 0

oX, 0<x<l1
5(2-x), 1<x<2
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19 X X o 0
2 4
20 0 -
PR 0<x<1
(x-2) 1<x<2
o
21 X 0
3 0<x<1
(2-x, 1<x<2
)
3
22 0 4x—2x%0£x£2
23 -X, 0<x<1 0
X—2,1<x<?2
2
24 0 X X gex<2
4 2
25 2X, 0<x<1 0
2(2—x), 1<x<2
26 0 ﬁ—QnOSXSZ
27 {x 0<x<1 0
—X+2, 1<x<2
28 0

2x—x{0£x32




Hpuaoxenue

[TonpoGHO conepkanue «IIpunoxeHus» U3I0KEeHO B ydeOHOM MOCOOUu:
Axcenenkosa U.M., Manvieuna O.A., Yexankun H.C., [llyxoe A.I'. «Psoul.
Unmeepan u npeobpazosanue @ypwve. Ipunoscenusy. M.: MUPJA, 2015.

Jlannoe ydeGHOe mocoOue pekomMeHaoBaHo HayuHo-meTonuyeckuMm co-
BETOM [0 MareMaTHke MwuHucTepcTBa 00pa3zoBaHus M Hayku Poccuiickoii
denepanvy B KauecTBE y4€OHOTO MOCOOUS JIsi CTYAEHTOB BBICHIMX YYEOHBIX
3aBeICHUN (MH)KEHEPHO-TEXHUYECKHE HAIIPABJICHUS TTOJAITOTOBKH ).

Coaep:xanue «lIpunoxenus»:

- YUCJIOBBIE PsJIbl, IPU3HAKU CXOJMMOCTH; IOHSATHE a0COJIOTHOW U
YCIIOBHOM CXOJMMOCTH; ICUCTBUSA C PSIIaMH;

- (yHKIMOHAIbHBIE PSIJIbI, 00JIACTh CXOJUMOCTH; MMOHITHE PAaBHOMEPHOIA
CXOAMMOCTH psija; npu3Hak Beliepiirpacca; HEMPEpbIBHOCTE CyMMBbI (DyHK-
UOHAJIBHOTO PsI/Ia; MOWIEHHOE UHTETpUpoBaHue U qudpepeHunpoBaHue psi-
aa,

- CTEIICHHBIC PSAJIbI U UX CBOWCTBA; Teopema AOens; psia Teitnopa; pas-
JIO’KEHUS dNIeMeHTapHbIX GyHKUuU B psag Teinopa (Makiopena);

- IPUJIOKEHUS CTETIEHHBIX PSIOB;

- psin Dypre; cxonumocThb pana Oypwe; npeAcTaBiIeHUE TEPUOINIECKON
bynkuuu psgom Dypoe;

- uarerpain Oypeoe, npeodpazoBanue Dypoe;

- peuIeHre BOJIHOBOTO YpaBHEHUS METOI0M Dypre.

1. HucsioBbie psaabl
Yucnoeoit pso, cxooumocms 4ucio6020 paoa

Onpeoenenue. IlycTh 3agaHa  4YHCIIOBas — IMOCJEI0BATEIBLHOCTD
a,,a,,...,a,,.... COCTaBJIEHHOE W3 YJIEHOB ATOM MOCJEAOBATEIHLHOCTH BBIpa-

KEHHE &, +a, +...+a, +... HA3BIBACTCS HYUCIOBbLIM DPOOM, UICHBI TIOCIIEIOBA-

TEJILHOCTH HA3BIBAIOTCS WICHAMH ATOTO Psijia, a, - o0l wieHd psaa. OObrd-

HO YHMCJIOBOU psJi KPATKO 3aIIMCHIBACTCS B BUJIE Zan :
n=1

Paccmotpum cymmsel S, =a,, S, =a, +a,,. . . S, =a,+a,+..+a,.

Onpeoenenue. Cymma S, =a, +a, +...+a, Ha3bIBaeTCs N-OM uacmuuHoll

cymmotu pana. Yactuunsle cyMMbl 00pa3yroT HOBYIO YHCIIOBYIO MOCJEI0Ba-
TEIBHOCTHL S,,S,,...,S,,... .

29
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Onpeodenenue. YncnoBoil psii Ha3bIBACTCS CXOOAWUMCS, €CIIA CYIIIe-
CTBYET KOHEUHBIN MpeJiei MOCIeI0BATEIbHOCTH €TI0 YaCTUYHBIX CYMM, T.€. 3

limS, =S.Yucino S Ha3bIBaeTCs CyMMOU psija.

n—o

Onpeodenenue. YucioBOU psiJi HA3BIBAETCS paACX00AWUMCS, €CITU TIPEAE
MOCJICIOBATEIFHOCTH YACTUYHBIX CYMM paBeH O€CKOHEYHOCTH WJIM HE CYIIe-
CTBYET.

PaccmoTpum puMephl Ha BBIYMCIICHUE CYMMBI Psijia IO OTPE/ICTICHUIO.

llpumep. Beranucnute cyMmy psiaa

i L N L -

= @n-)@Bn+2) 2-5 5-8 Bn-1D(Bn+2)

Pewenue. IlpeactaBum 00U WieH psiia B BUJE PA3HOCTU

1 1 1

(3n-1)(Bn+2) 3(3n-1) 3(3n+2)
U BBIYHUCIUM YaCTHYHYIO CYMMY C HOMEPOM N

S_(1_1)+(1_1j++ 11 1
" 3.2 35) \35 3.8/ " (3:(3-1) 3:(3n+2)) 2-3 3(3n+2)
CymecTByeTr KOHE4YHBIA limS, = 1/6. 3HA4WUT, NAHHBIA PAJ CXOIUTCA U €0

nN—oo

cymMMa paBHa 1/6.
Ilpumep. VccnenoBaTh Ha CXOAUMOCTD PsiJI

o0

> (2n-1)=1+3+5+...+(2n-1) +....

n=1

Pewenue. Beruncianm YaCTUYIHYIO CYMMY 3TOI'O psAla

1+(2n-1)

_ 7. n
2

B stom npumepe lim S, =0, caeqoBaTenbHO, JAHHBIN PsI PACXOAUTCH.
n—

S, =1+3+5+...+(2n-1) = =n®

ngmeg. HccnenoBaTh Ha CXOOUMOCTD psaa
D (DM =11+ (D)

n=1

Pewenue. Y 31010 psiga Bce 4aCTUYHBIE CYMMbI C HEYETHBIMU HOMEDa-
MU paBHBI 1, a YACTUYHBIE CYyMMBbI C YETHBIMA HOMEpamH paBHbl (. 3HAYUT,
npezen Nocie10BaTeIbHOCTH YaCTUYHBIX CYMM HE CYLIECTBYET, U PSiJl Pacxo-

JTATCSL.
I'eomempuueckasn npozpeccus u 2apmoHu4ecKuil pao

Onpeodenenue. I'eoMeTpUYECKON TPOTPECCUE HA3bIBACTCS YHUCIOBas
HOCJIeIOBATEIBHOCTD b, bg, bg?, ..., bg"*,... (b=0, q=0). CymMMHPYS YICHBI

reOMETPUUECKOM MPOrpeccu, OayduM psaa » b-q"*.

n=1



Teopema. Pan >'b-q"* cxomutcs mpu ycloBuH [q/<1, ¥ ero cymma

n=1

paBHa ﬁ Ecmu [g/ 21, To psag ) b-q"* pacxoaurcs.
- n=1

Hokazamenvcmeo. 3anuiieM YaCTUIHYIO CYMMY 3TOT'O psiaa
S,., =b+bg+bg®+ ...+bq" IBYMS criocoOaMu:

S..,=b+q+bg+ ...+bg"")=b+q-S,,

S,.,=@MO+bg+ ...4bg"")+bg" =S, +bq".

[IpupaBHUBasS 3TH BBIPAKCHUS: b+q-S,=S,+bq", OJTYYIHM
S,(1-q)=b(-q").

[Ipenmonaras, 4To q =1, BEIpasuM S, . S, =b(1;3n).
B ciyyae, korna q=1, 04eBUAHO, YTO S, =n-b U limS, =o, T.c. psn
PacXOaUTCH.
Ecmu g <1, TO !igoloq” =0 u lims, =%, T.C. PAI CXOMMTCSA, U €ro
cymMma S :L.
1-q

Ecmn |q| >1, TO l‘i‘i‘oq" = U limS, =, T.e. paa pacxogurca. Hakonen,

n—o0

€Clnu g=-1, TO YaCTUYHbIE CYMMBbI MONIEPEMEHHO ITPUHUMAIOT 3HAYEHUS b

u 0. IIpenen mocnenoBaTeNbHOCTH YAaCTUYHBIX CYMM HE CYIIECTBYET. Psija
pacxoaurcs. TeopeMa J10Ka3aHa.

21 1 1 1
Onpeoenenue. Psan Z— =1+=+>+..+=+.. Ha3bIBACTCH 2APMOHU-

=n 2 3 n

yecKuM psiooM.
KaxpIil 4jieH TapMOHUYECKOTO Psijia, HAYMHAS CO BTOPOTO, SBIISICTCS

TapMOHHYECKUM CPETHUM COCETHUX C HUM UYJICHOB:

1 1( 1 1

— = =+

a, 2\a,, a

n n+1l

[TokaxxeM, YTO TapMOHUYECKUU Pl ABISETCS pacxoosuwumcs. J1is 3to-

1 n
ro BOCIIOJIB3YEMCi TCEM, YTO IIOCJICJOBATCIBHOCTDH [1-}——) ABJIAACTCA MOHO-
n

. i 1)" . .
TOHHO BO3pacTarouien u I|m(1+—j =e (2-oit 3ameyarenbHbIN Tpenen). Bee
n

N—o0

. 1)"
YJICHBI 3TOM IIOCJIIEA0BATEIbHOCTH MEHBIIEC YHUCIIA €. (l+— <e, n=123,....
n

[Ipomorapudmupyem n1aHHOE HEPABEHCTBO IO OCHOBAHUIO €
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In(1+1) <lne = nIn[n—HJ<1 = 1>In(n+1)—|nn.l'[0J1y—
n n n

YCHHOC HCPABCHCTBO CIIPABCAJIMBO AJIAA BCCX HATYPAJIbHBIX 3HAYCHUM N .

1>In2-1In1; %>In3—|n2; %>In4—|n3;. .o E>In(n+1)—|nn.
n

11 1
CknaapiBasi 3TU HEPABEHCTBA, MOJIyYUM 1+ > + 3 +..+ " >In(n+1). 91O

O3HAYaeT, YTO C BO3pacTaHueM [ 4YacCTUYHBIE CyMMBbI TAPMOHUYECKOTO psiaa
HEOTPAHUYECHHO BO3PACTAIOT W, CIEIOBATEIbHO, TAPMOHUYECKUN P pPACXO-
JIUTCS.

Heooxooumoe ycnosue cxooumocmu 4ucio8020 paoa

Teopema. Ecnu 4MCIOBOM Psii CXOUTCS, TO €r0 OOITUI YJIE€H CTPEMHUT-
¢ K HyJIIo npy n— oo, T.e. lima, =0,

Nn—o0

Cneocmsue. Ecin rlll_To a, # O, TO PSJT PACXOIUTCS.

loxazamenbcmeo meopemul. Ins cxopsmierocs psga 3 limS, =S u

n—oo

3 limS,,=S. A Tak kak a,=S,-S,,, TO

n—oo

lima, =lim(S,-S,,)=S-S=0.

n—o
I[OKa?,aHHaH TCOpPCMaA — 3TO JIMIIb HGO6XOI[I/IMO€ YCIOBHUC CXOOAUMOCTH.
Tlpu napywenuu 3moeo ycinosus pso 3a6e00M0 pacxooumcs.

Ecnn !'_r)n a, =0, 10, kax mOKa3bIBAIOT IPUMEPBI, IPUBEICHHBIC HH-
o0

o 1
KE, pAA MOKET CXOOAUTHCA UJIN PaACXOJUTHCA. TaK, U1 pAO0OB T ——
P P P 21: (3n—-1)(3n+2)

00 1 (V)

n Z— H€O6XOI[I/IMO€ YCIIOBHUEC CXOAUMOCTH BBIITOJIHCHO, HO IICPBLIU H3
- N
=1

HUX SIBJISICTCS CXOAIITUMCS, @ BTOPOM — PacXOIAIITUMCH.
Heobxonumoe yciaoBue CXOIAUMOCTH YIO0OHO MPUMEHSTH JJIsSl I0Ka3a-
TEJIBCTBA PACXOAUMOCTH PSIOB.

- 2n+1
Hpumep. Viccnenosarts psij Y | 3n o & CXOMMOCTS.
n=1
P m im2"*ti_2 ., .
ewenue. 1TockobK =—#0, To 3amaHHBIN ps pacxo-
eulene Y one3n+2 3 8 PP
JIUTCS TI0 HEOOXOIUMOMY YCJIOBHUIO (OHO HAPYIIICHO).
= (3n+1)"
Ipumep. Viccnenosats paa 312 Ha CXOJUMOCTb.
=\ 3n+
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= (3n+1Y'
Pewenue. Pan ) 312 ABJISICTCS PACXOASAIIAMCS, T.K.
n=1 n+
n
_ (3n+1)" . R I |
lim =lim||1- =e *=—=#0, 1.e. HEOOXO-
nﬁw(3n+2j N> ( 3n+2j e

AUMOC YCJIIOBHC HC BBIIIOJIHACTCA.

Onpedenenue. Ecnu otOpocuts nepsbie 1 uneHos paga » a, , TO HO-
k=1

JIYYMTCS AN ) 8, =&, +8,,,+8,,3+...+a,,.., KOTOPbIH Ha3bIBaeTCA ocmanm-

n+1
k=n+1

KOM JTaHHOTO psJia C HOMEPOM N .

Teopema. P cXxoAuTCs TOT/IA M TOJIBKO TOTJIa, KOTJa CXOAUTCS 000
W3 €T0 OCTAaTKOB.

Crneocmeue. OTOpachiBaHHE KOHEUHOI'O YKCJIA YWICHOB Psijia HE BIUSCT
Ha CXOJUMOCTb psa.

Teopema. Ecnu psigi CXOAUTCS, TO CyMMa €ro OCTaTKa CTPEMUTCS K HY-
JIT0 C BO3pacTaHMEM HOMEpa OCTaTKa.

Kpumepuii Kowu cxooumocmu paoos. Jluneiinvie oeiicmeus
c paoamu

Teopema (kpumepuit Kowu cxooumocmu psioa). s cCXOZUMOCTH YHC-

JIOBOTO psiia Zan HEO0OXOJMMO U JJOCTATOYHO, YTOOKI JJIs JItoOoro £ >0 cy-
n=1

mecTBoBaN Takoi Homep N, dro mmst BceX N> N ¥ U BCEX HATYPaabHBIX
ypcelt K BBIMOTHSIIOCh HEPABEHCTBO
|8y, +a,,, +..+a

T |<e.

n+k
Cxopsmuecs psaibl 00J1aat0T CIEIYIOIMUMU CBOMCTBAMU.
Teopema.

1) Ecau pap ) a, cXomuTcs M €ro cymMma paBHa A, TO Pl D c-a,
n=1 n=1

TaKXe CXOJIUTCS M €r0 CyMMa paBHa CA, rie ¢ - JII000e YKCIIO.
JlpyruMu cJIoBamMu, €CJIU WICHBI CXOASIIETOCS psijia YMHOXKUTH Ha OJTHO

M TO K€ YMUCIIO, TO €r0 CXOAUMOCTh HE HAPYIIUTCS U ZC-an = c-Zan :
n=1 n=1



2) Ecmu panel D a, U ) b, CXOIATCA M UX CYMMBI paBHBI A M B co-
n=1 n=1

OTBETCTBEHHO, TO PSI Z(an +b,) Takke CXOOWUTCSI M €ro CyMMa paBHa A+ B,

n=1

Te. 2(an+bn)=ilan+ilbn.

unJl08blep}10bl C noJ10o# cumeibHbIMuU UjieHamu

Onpedenenue. 11010XKUTENBHBIMA HA3BIBAIOTCS PAIBI, BCE YIEHBI KO-
TOPBIX HEOTPULATEIBHBL: a, >0.

[TocienoBaTeIbHOCTH YACTUYHBIX CYMM TaKUX PSAI0B MOHOTOHHO BO3-
pacrawT, T.K. S, ,=S,+a,,>S,, n=1 2, 3,..

Kak wu3BectHo (Teopema bonbiano-Beiepiirpacca), MOHOTOHHAS TIO-
CJIeIOBATEILHOCTh UMEET KOHEUHBIA Mpenesl Torja W TOJIbKO TOorha, Korja
oHa orpannyeHa. OTcroja BEITEKAET CIEAYIONIEE YTBEPKICHUE.

Teopema. 11010KUTENBHBIN P CXOIUTCS TOTJA U TOJIBKO TOT/IA, KOTIa
MOCJIEA0BATENBHOCTD €0 YACTUYHBIX CYMM OTPaHUYECHA.

HenocpencrBeHHOE MPUMEHEHNE ATOTO YTBEPXKACHUS I JOKa3aTElb-
CTBa CXOJUMOCTH OOBIYHO OBIBACT 3aTpyAHUTEILHBIM. [Ipoiiie ucnonb3oBaTh
JIPYTUE CPENICTBA, O KOTOPBIX UJET PEUb HUXKE.

n+1

Hpu3nal<u CpaeéHenusn

Teopema (nepeviii npuznak cpasuenust). IlyCTh naHbl JBa MOJOXKH-

TEJIbHBIX Psija: ian (1) nu ibn (2) . Ecnmu qyist Bcex HomepoB N (wmm
n=1 n=1

JUIs BceX HOMEpoB N, OONbIIMX HEKOTOPOro Homepa N ) BBIIOJIHEHO Hepa-
BEHCTBO &, <b,, TO U3 cXoAUMOCTH psaa (2) cienyet cxoquMocTs psana (1), a
u3 pacxoauMocTu psaa (1) ciegyeT pacxoguMocTs psiaa (2).

loxazamenvbcmeo. Bynem npennonaratb, 4TO HEPAaBEHCTBO a, <b,
BBINIOJIHEHO JIJIsl BCEX HOMEPOB n. B MpoTHMBHOM ciy4yae MOXKHO OTOPOCHTH
KOHEYHOE YHCIIO YJICHOB psifa, JJii KOTOPBIX HEPAaBEHCTBO HE BBIMOJIHEHO,
4TO HE MOBJIHUSIET Ha CXOJUMOCTh psaa. Torna
a+a,+..+a,<b +b,+..+b,.

Ecnu psia (2) cxoguTes, TO €ro 4aCTUYHBIE CYMMBbI, COTJIACHO TEOpEME
bonwsnano-Beiiepmtpacca, orpaHudessl, T.. b, +b, +..+b, <S i moboro

n, Tae S - HEeKoTopass KOHCTaHTa. Ho Torma orpaHudeHa U mocienoBaTellb-
HOCTb YaCTUYHBIX cyMmM psina (1), u psin (1) cxonures.
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Ecnu xe psan (1) pacxogutcs, To, mpeanoaras, 9to psj (2) cxoauTcs,
MOJTyYrM TIpOTHBOpedre. Teopema ToKazaHa.

> 1
IIpumep. VicciienoBath Ha CXOAUMOCTD PSIJT Zﬁ
n=1 + n

=1 .
Pewenue. PaccMoTpum psjt Zz—n, KOTOPBIN CXOAUTCS, KaK CyMMa
n=1

o 1
TCOMCTPHUUCCKOU ITPOIPECCUN CO 3HAMCHATCIICM ( = E . I[J'I?I BCEX HOMEPOB N

CIIPpaBCAJINBO HCPABCHCTBO —. Cornacnao IICPBOMY IIPU3HAKY CpaB-

RS

HCHUA I[aHHBIﬁ pAa TaKKE CXOJAUTCA.

Llpumep. UccnenoBats HA CXOAUMOCTB PSif z I

Pewenue. PaCCMOTpHM IJI1 CPaBHCHUA FapMOHI/I‘-ICCKI/IH paxa Z— KO-
n-1 N

TOpBII/I, KaK YiKC OBLIIO A0Ka3aHO, paCXOOaHuTC. I[J'ISI BCEX N>2 CIIPaBCaAJINBO

1 1 .
HCPaBCHCTBO — >—, CJICAOBATCJIbHO, JAHHBIN PAA TAKIKC pAaCXOIUTCA I10
n

Jn
MPU3HAKy CPaBHEHMUSI.
Teopema (npedenvuvlii npuznak cpaguerusy). IIycTh 1aHbl 1Ba MOJO0XKHU-
TEJIbHBIX psija:

Zan 1 (1)
n=1
ibn , (b, >0, HAUKMHAsI ¢ HEKOTOPOTO HOMEpa N ). (2)

n=1
fim &
Eciu cymecTByeT KOHEUHBIN, OTIUYHBIN OT HYJIS nmb— , To psiznl (1) u (2)
n

o0a cxoasaTcs Uiy 00a pacxodsTcs.
Joxazamenvcmeo. [lpeanonoxum, uro psaa (2) cxoautcs. O603HaYUM

. a,
lim— =A, A>0. Ilo onpeaenenuro npeaesna ajs Tr000T0 MOJOKUTESTLHOTO &

n—oo

n JOCTAaTO4YHO 0OIBIINX HOMCPOB N 6y,[[eT BBIITOJTHCHO HECPABCHCTBO

a
—<A+e nm a, <(A+¢)-b,.
n

T.x. pan (2) cxoauTes, TO COTJIACHO CBOMCTBY CXOSIIIMXCS PSIIOB CXOJUTCS U

panx D (A+e&)b,, a, 3HAYUT, 110 HEPBOMY MPHU3HAKY CPABHEHUS CXOAUTCA U
n=1

psn (1).
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. D, _
PaccmarpuBas !m a KOTOPBIM TaKXe CyLIECTBYET, KOHEUEH U OTJIU-

4YeH OT HyJsl, IPUJIEM K BBIBOAY, UTO M3 CXOAMMOCTH psiaa (1) ciaenyer cxo-

IUMocCTh psafa (2). Urak, eciu OOUH U3 pAJOB CXOOUTCS, TO JAPYTroM Takxke
CXOQUTCHL.

JHanee, npeamnosaras, 4YT0 OJUH U3 PSIOB PACXOIUTCSA, a IPYTrOM CXOIUT-

Cs, MOJIyYMM HPOTHBOPEUYME C YK€ IOKa3aHHBIM YTBEP:KIECHHEM. Teopema
JIOKa3aHa.

3ameuanue. Eciu Iimﬁzo, TO U3 CXOAMMOCTH psia iam BBITEKACT

n—oo an )

CXOZMMOCTb psifia Y b, .
n=1

Ecan Iimb—":oo, TO W3 PaACXOAUMOCTH psija an BBITEKAECT PacXo/u-

n—oo an n=1

MOCTb pszia » a, .
n=1

Ilpumep. VccnenoBaTh Ha CXOOUMOCTE DS ii
1ipumep. p 2 .
n=1
Pewenue. 1lonb3ysace onpeneseHueM CXOJIUMOCTH, T.€. paccMaTpuBas

> 1
Mpeaesl YaCTUYHBIX CYMM, YK€ OBIIO JOKa3aHO, 4YTO Ps - =
P y y A A nZ:;‘(3n—1)(3n+2)

o0

1
CXOJMTCA. 3HAYHT, CXOMUTCA PAN » —, T.K. NPEAET OTHOMICHUS OOIIMX
n=1 N

YJICHOB 3TUX PAA0OB KOHCUCH U OTIIMYCH OT HYJIA
1

2 —
lim n _ 1im &1 D§”+Z)=|m{(3—ilé+3)j=9.
n—co 1 n—o n n— n n

(3n—1)(3n +2)

Ilpusznax /lanamoepa

Teopema. IlycTh naH TONOXKMTENBHBIH pAf > a, U CyIIECTBYET
n=1

. a
lim—% =D. Eciin D <1, TO psii CXOAUTCS, €Tk D >1, TO psIJT PacXOIUTCSI.

N—o0 a
n

1-D >0. CorjacHo

Jlokazamenvcmeo. llyctb D<1. Bo3pMmeM ¢ =

OIIPpCACICHUIO IIPCACIIa, HAYNHAA C HCKOTOPOIroO HOMCpa N, 6YI[€T BBIITOJIHC-
HO HCPABCHCTBO
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1-D_1+D _
2
Otcroza MoJMyduM a,,, <ay -4, 8y, <8y, -d<ay-q°, .

an+l

a

<D+&e=D+ g<l1.

n

.8y, <a,-q“, T.e. WICHBI psa OKa3bIBAIOTCS MEHBIIIC, YeM YICHBI OCCKOHEY-

HO YyOBIBAIOIIEW TeOMETPUUECKOM MpPOrpeccuu. 3HAYUT, COTJIAaCHO MEPBOMY
MPU3HAKY CPaBHEHUS, P CXOAUTCS.

Eciu D>1 win D=0, TO 4YlieHBbl psiAa OKa3bIBAIOTCS OOJbIINE, YeM
YJIeHbl OECKOHEYHO BO3PACTAIONICH FreOMETPUUYECKON MPOrpeccu, 1, 3HAUUT,
PSAI PACXOAUTCS.

Ilpumep. ccnenoBaTh HA CXOIUMOCTD PSIT Zsin .
n=1
Pewenue. Beraucinm mpejiesl OTHOIICHUS MOCIEAYIOLIETO YjeHa psiaa
K OpEeAbIAYIIEMY
n+1
gl (n+1 3" J_l , ( 1)_1
lim =lim — —— |=>lim/ 1+ = |= =<1, T.€. PSA CXOOUTCI IO
e N el 3 3o n) 3
3n
npu3Haky JlamamoOepa.
IIpumep. VccnenoBaTh Ha CXOAUMOCTD PAJL i
n=1 .

Peuienue. Beraucianm

. a : "ol "ol " "
lim =2 = lim ﬁiﬂ =lim Miﬂ :||m(n_+1j :||m(1+lj :e>1’
noo g n—o (n +1)| n n—o n! n—wo\ N n—o0 n

U, COrIacHo mpu3Haky lamambepa, TaHHBINA Psil paCXOIUTCA.

Paouxanvuwtii npusnax Kowu

Teopema (paduxanvuwviii npusnax Koww). 1lycTh gaH MOJOKUTEIBHBIN

pan > a, u cymectsyer limyfa, =K. Eciu K <1, TO psi CXOQUTCS, eciu
n—1 n—o

K >1, TO psiJ pacXoauTcs.

1-—
Jlokazamenvcmeo. Ilycte K <1. Bo3pmeM ¢ = >0. CornacHo

OTpPEIENICHUIO TIpejiesia, HauMHas ¢ HEKOToporo Homepa N, OyAeT BbINOJIHE-
HO HEPaBEHCTBO
1-K 1+K

= = <1’
5 q

Va, <K+e=K+
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WIn a, <", T.e. WICHBI PsiJia OKa3bIBAIOTCS MEHBIIIE, YeM YJICHBI Oec-
KOHEYHO YOBIBAIOUIEH r€OMETPUUECKON MPOTrPECCUU. 3HAYUT, PSJl CXOIUTCA.

Ecimn K>1 wimn K =00, TO WIEHBl ps/la OKa3bIBAIOTCA OOJbIIE, YeM
YIeHbl OECKOHEUHO BO3PACTAIOIIEH TeOMETPHUYECKOW MPOrPECCHH U, 3HAUMT,
psa pacXxoauTCs.

n+1\"
IIpumep. ViccrienoBaTh Ha CXOAUMOCTD PSIJT Z an
n=1

Pewenue. Beraucianum

limy/a, = lim| ——

n—oo N—o0

n+l =lim 1 ! l<1 3HA CXOJIUTCS TIO
= - HAYMUT, DS CXOIMUTCS II
an ) M3 Tan) T3 » DAL eX0R

paaukansHOMY Npu3Haky Koru.

IIpumep. NccnenoBaTh Ha CXOAUMOCTD PAJL Zz_ln(l*‘ 1] )
n

n=1
Pewenue. lTpumenum pannkainbHbii pusHak Komm:

n—oo nN—o0

lim Q/a_n =lim 1(1+ 1) = % >1, 3Ha4YUT, psIT paCXOgUTCH.
n

3ameuanue. Tlpuznaku Jlanam6epa u Koiu He garoT oTBeTa Ha BOIPOC
O CXOIHMMOCTH PSila B CIIydae, KOrJa COOTBETCTBYIOIIKE MPEAENbl paBHBI 1.

Hanpumep, BEIUUCIAM 3TH TIPEACHbI 11 TapMOHUYECKOT0 psija Z— , pacxo-
n= N
JMMOCTh KOTOPOTO ObliIa I0Ka3aHa:
. a n
lim =L = |im =1,
n—o a n—w [ +1

Inn . Inn
—lim—
limy/a, —Ilmn—_llm no|=lime " =¢ " =¢g%=1.
n—oo

n—o0 N—o0 N—00

HpI/I BBIUYMCIICHUHU ITOCJICOAHETO Hpenena 6I>IJ'IO HUCITIOJIB30BaAHO HpaBI/IHO
Jlonurans st pacKpbITUS HEONIPEIECIIEHHOCTH
1
In x Y 1
(EJ; lim — = lim X =lim ==0.

0 X+ X x>+ | X+ X

= 1
Takoi ke pe3yJIbTaT MOJIy4YrM, PacCCMaTPUBAs CXOIALIUANCS PSJT 2—2 )

2 2
a,, n : n
lim—==lim——-= =lim| — | =1,
n—o an n—o (n _|_]_) n—wo\ N4+1

2 2Inn Inn

1
limy/a, =limy/—= =lim/ n " —lime " =g ™ n —e%=1
n—oo N—o0 n N—o0 N—0o0



Hnmezpanvnoiit npusnaxk Kowu

Teopema (unmeepanvhsiii npusnax Koww) . TlycTh JaH MOJIOXUTENb-

HBIA pafl > a,, OOIIMiA 4leH KOTOPOro COBHANAET CO 3HAYEHHEM HEKOTOPOM
n=1

byukmuu f(x) npu x=n:. a, = f(n). [Ipeanonoxum, yro GyHKIHUI f(X)
onpeJiesieHa, MOJOXKUTENbHA, HENIPEPhIBHA U MOHOTOHHO YOBIBaeT MpU X >1.
+00

Torna psn Zan CXOJUTCs, €CIIHU CXOIUTCA f f (x)dx, 1 pacXoauTCs, €CJIU 3TOT
n=1 1

WHTErpajl paCXOIUTCA.

Hokazamenvcmeo. J1ns MIMIOCTpallUd pacCMOTPUM Tpapuk (QyHKUIUU
y = f(X), YIOBIETBOPSIOIIEH YCIOBUAM TEOPEMBI, U IOCTPOUM CTYIIEHYATHIE
(Gurypsl, 0JHa U3 KOTOPBIX BIMCAaHA B KPUBOJIMHEHHYIO Tpameluio, OrpaHu-
YEHHYI0 rpapukoM QyHKUIUU y= f(x), ocblo OXx W MpsAMBIMU X =1, X=n, a
Jpyrasi onycasa OKOJIO 3TOM TpaIeluu.

[Tnomans BIUCaHHON cTyneH4YaTol (Uryphl paBHA a, +ag+..+a,

IUJIOIIAAb OMUCAHHOW (PUTYpBI paBHA @ +ay...+a,_4. [lJI0omans caMoi Kpu-
n
BOJIMHEWHOW Tpareyuy paBHa j f (x)dx u 3aKiIr0OYeHa MEXAY IUIOMIAsIMU BIIN-
1
CaHHOM W omucaHHOU puryp:
n
a, +ag+..+8,< [ f(Xx)dx < aj+ay..+ay .
1
+00
IIycts mHTErpaN j f(xX)dx cXOoauTCs, T.€. UMEET KOHEUYHOE 3HAYCHHUE:
1
+o0
j f(x)dx =J . Torma yacTUYHBIE CYMMBI psifia S, OrPaHUYECHBI:
1
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n
Sp=ap+ay+..+a, <a +[ f(x)dx<a +J.
1
CrnenoBatenbHO, P CXOUTCS.

+00
Ecmu [ f(x)dx pacxomuTes, To
1
n n

Sp=ay+ay +..+a, > [ f(X)dx+a, > [ f(x)dx >, n—>oo,
1 1
CJIEI0BATEIBHO, PSJ] PACXOIUTCS.

1 o
IIpumep. PaccmotpuM psn D —, KOTOPBIH Ha3bIBAIOT 0OOOIIEHHBIM
n=1 n

~+00
dx
TapMOHHUYCCKUM PAIOM HIIU pAAOM I[I/IpI/IXJIe. I/IHTeraJI I = CXOOUTCA IIpHU
1 X

YCIIOBUM o >1 M pacXxoauTcs MpHU yCIOBUM o <1, clieoBaTeIbHO, 0000IICH-
HbII TAPMOHHUYECKUN PSAJl CXOIUTCS, €CIIH o >1, U pacXOIUTCs, ecin o <1.

Ha ocHoBe 3TOr0 npriMepa MOkHO cPOpMYJIUPOBATH CICAYIOMINHN MPU-
3HaK.

o o = 1
Ipusnax Hupuxne. O6001IEHHBIN TAPMOHUYECKUN PSIT Zn—a CXOJIUTCH,

n=1

€clv o >1, 1 pacXoaUTCs, €ClM a<1.

o0

IIpumep. VccienoBaTh Ha CXOAUMOCTD PsiJI Z .
“~nlinn

Pewenue. CooTBeTCTBYIOIINIT HECOOCTBEHHBIN MHTErPal
T’ dx _Td(lnx) B
xInx 5 Inx

In(InX)[,” =+, a, 3HAYMT, TAHHBIN PST PACXOAUTCS MO HH-
2
TerpajabHOMY npu3Haky Koimm.
3ameuanue. Brlllle TpHBEIEHBI OCHOBHBIC IMPHU3HAKH CXOIMMOCTH II0-
JIOKUTEIBHBIX psaa0B. EcTh apyrue, 00jee «TOHKHE» MMPU3HAKH, JAIOIINE OT-
BET Ha BOIPOC O CXOAMMOCTH PSIOB B T€X CIIyYasiX, IJI€ PACCMOTPEHHBIE MIPH-
3HaKH «HE pabOTaroT.

3Hal<onepemeuubte yuciiosole p}labl

Onpeodenenue. YncnoBor psij HA3BIBACTCS 3HAKONEPEMEHHbIM, €CIH
CpPEIU €ro WICHOB €CTh KaK MOJOKUTEJIbHBIC, TAK U OTPUIIATEIIbHBIC YKCIIA.

Ecnu oTpunatenbHbIX 4WICHOB KOHEUYHOE YHCIIO, TO, OTOPOCUB HX, IO-
Jy4YUM MOJIOKUTENBHBIN psii. ECIM MOJIOXKUTENBHBIX YIEHOB KOHEUHOE YHC-
JI0, TO, OTOPOCUB HX, MOJTYYUM OTPHUIIATEILHBIN PsiJl, KOTOPHI MOXKHO HCCIIE-
JIOBAaTh C IMOMOIIBIO TEOPEM O CXOJAMMOCTH IOJ0KHUTEIbHBIX PSII0B, U3MEHHUB



3HaKM BceX WIEHOB psja. CylIeCTBEHHO HOBBIM SIBJISIETCS TOT Cllydaid, Korja
Cpeau 4WIEHOB psiia OECKOHEYHOE YUCIIO MOJIOKUTENbHBIX U OECKOHEYHOE
YHCIIO OTPULIATENBHBIX YUCEIL.

PaccmoTpum citydyai, KOra 3HaKM 4WIEHOB Psa YEPEAYIOTCS, HaIpU-
Mep, WIEHbl C HEYETHBIMU HOMEpaMH IOJIOKUTEIbHBI, & YJIEHbl C YETHBIMU
HOMEpPAMH OTPULATEIbHBI.

Onpedenenue. Psanwsl npeicTaBieHHble B Buie » (-1)"-a, W
n=1

Z(—l)n -a, , THe a, >0, Ha3bIBAIOTCS 3HAKOUEPeOyIOUUMUCS PITAMH.
=1
Teopema Jletbnuua (MpusHax cxoOUMOCMU 3HAKOYEPEOVIOUe20C Dsl-

da). Ecnu 4neHsl 3HaKOUEPEAYIONMIETOCS Psijla MOHOTOHHO YOBIBAIOT IO MO-
nynw: a,, <a,, n=1 2, 3.., U CcTpeMITCcd K Hynt: lima, =0, TO psiJ cXo-
nN—o0

n+1

JIUTCSL.

Jloxazamenvcmeso. Jlns ONpeeeHHOCTH BO3bMEM DAl » (-1)™-a,,

n=1

a >0.

n

PaccMmoTpum mociie1oBaTeIbHOCTh YACTUYHBIX CYMM C YETHBIMH HOME-
pamu

S =(ay—a,) + (a3 —a,) +...+ (8, —ay,) -

UneHsl psna CrpynIiupoBaHbl TAK, YTO BCE CIAraeMble 3TOW CyMMBI —
MOJIOKUTENIbHBIE YUCIA. 3HAYUT, YACTUYHBIE CYMMBbI C YETHBIMHU HOMEpPAMH
BO3pacTaroT c pocToM n. C Ipyrou CTOpO-
HBIS,, =&, —(a, —a;) —...—(a,, , —8,, ;) —a,, T.€. YACTUYHBIC CYMMBbI C YETHHIMU

HOMEpaMHU OTPaHUYECHBI MEPBBIM WIEHOM psna: S,, <a,. CienoBaTenbHO, Cy-
HIECTBYET KOHEUHBIN nipenen limS, =S. J[Jiss 4aCTUYHBIX CYMM C HEUYETHBIMU
N—o0

HOMEpaMHU CIpaBelIJIMBO PaBEHCTBO S, ., =S, +a,,,, H3 KOTOPOTO CIEAYET,

4To
limS, ., =lim(S,, +a,,,)=1ImS,, +lima,,, =S.
n—o0 nN—o0 n—o0 nN—o0

I/ITaK, YaCTUYHBIC CYMMBI € YCTHBIMHU U HCUCTHBIMHU HOMCPAMU HUMCHOT
OIWH M TOT KC MMPCACT U, CJICAOBATCIIbHO, PAA CXOOUTCA, U €TO CyYMMa paBHA
S.

Onpedenenue. 3HAKOUCPEAYIOMUICS PSII, YAOBICTBOPSIONIUN YCIIOBU-
M Teopembl JlelioHmIa, Ha3pIBaeTCs psoom Jleubnuya.

3ameuanue. YacTHUHBIE CyMMBI C Y€THBIMH HOMEPAMH MTPUOIMKAOTCS
K CyMMe psifia S, Bo3pacTasi, @ YaCTHUHBIE CYMMBI C HEYETHBIMH HOMEpPaMH —
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yObIBasi, T.€. CIpPaBEeIJIMBO HEPABEHCTBO: S, <S<S, ;. B wyactHOCTH,
0<S<a,.

Ecnu mnepBeiit unen psapa JleiOuuna —a, OTpHULIATENIEH, TO
-a, <S<0.

B mr06oMm ciyuae cymma psija UMEeT 3HaK €ro MepBOro WieHa U MEHb-
11I€ €ro 10 MOAYJIIO.

Ocrarok psna Jleitbauna taxoke siasiercs psiaom JleitOuuma. Crnegosa-
TEJIbHO, CyMMa OCTaTKa UMEET 3HAK CBOETO NMEPBOr0 WIEHA U MEHBILE €r0 10
monymo. Tak ans psga JleiiOHuUIa TeTKO OIICHUBAETCS PA3HOCTh MEXKIY CyM-
MOW ¥ YaCTUYHOU CYMMOM.

_Inn
n

Pewenue. 11 npoBepKu BBIOTHEHUS YCIOBHI Teopembl JleOHuIa

IlIpumep. WccrenoBaTh Ha CXOJAUMOCTD Pl Z( 1)" —, r7e a,

In x
BBeAeM (yHKIMIO f(X)=—— M JOKa)XXeM, 4TO OHA MOHOTOHHO YOBIBAET,
X

HadnHasd ¢ HCKOTOPOIO 3Ha‘lCHI/IH X N CTPCMHUTCA K HYJIIO IIPH X —> +00. BrbI-

YUCJIAM IIPOU3BOAHYIO f'(X) = < 0 mIt Xx>e.

210 O3Ha4YacT, 4YTO, Ha4YWHasA C HOMCpPA n=3, BCPHO HCPABCHCTBO

Inn
a,, <a, . Kak yxe OblUIO TMOKa3aHO, I|m——0 CnenoBareynbHO, YCIOBUS

e )
TeopemMbl JIeHOHMIIA BHITTOTHEHBI, U PSJT CXOIUTCA.

3ameuanue. CocTaBUM Psiibl U3 MOZYJIEH YJIEHOB PACCMOTPEHHBIX psi-
JIOB:

Z = z In n' O6a stu psma pacxofstcs. [lepBoiii U3 HUX SBIISETCS

n=1 n=2

FapMOHUYECKHUM, a YJIE€Hbl BTOPOTO, HAYMHAs C Nn=3, OOJbIlE, YEM YIICHBI
rapMOHUYECKOTO psija.

Abconrwomuan u yciosHasa cxooumocma
ITycTb 1aH TPOM3BONILHEIN 3HAKONEPEMEHHBIH pan Y a, , a pag Y [a,|
n=1 n=1
COCTaBJICH W3 MOJYJIEH ero 4JeHOB.

Teopema. Ecnu cxomuTcs psAd U3 MOIYJIEW YJIEHOB IAHHOTO psaa, TO
CXOJIUTCSI M CaM 3HAKOMIEPEMEHHBIN PS/I.

Jokazamenvcmeo. IlycThb cxomutcs psax U3 MoayJien. Torma cornacHo
kputepuro Komm aiis nro6oro ¢ >0 Haiiaercs Homep N TakoM, 4To AJis JItO-
6oro Homepa n> N u JIF0OOT0 HATypaJIbHOTO k OyJeT BEpHO HEPABEHCTRO:

8| +[Bneo| + - H A < €.

,HJIH SHAKOIICPECMCHHOT'O psiaa IMOJIYyYUM OLCHKY
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n+1

YTO O3HAYAET, YTO YCJIOBHE CXOJIUMOCTH JIJI1 HETO BBITIOJHSIETCS, T.C.
caM 3HaKOIIEPEMEHHBIHN PSIJT CXOIUTCA.

Onpeodenenue. Ecnu cXOauTCs psill, COCTABICHHBIA U3 MOJyJICH YJICHOB
JAHHOTO psifa, TO caM 3HAKOIIEPEMEHHBIN Psijl HA3BIBACTCA AOCOIIOMHO CXO-
OAUWUMCSL.

Onpeodenenue. Ecnu 3HaAKONIEPEMEHHBIN P CXOJIUTCS, a PSJI, COCTaB-
JICHHBIA W3 MOAYJEH €ro YICHOB, PACXOIUTCS, TO TAKOH PsJ HAa3bIBACTCS
VCA0BHO CXOOAUWUMCSL.

[Ipu ycranoBimeHun aOCOTIOTHOM CXOAUMOCTH MOXKHO TIOJIb30BAThCS
BCEMU IIPU3HAKAMH CXOJIUMOCTH TOJOKUTEIIBHBIX PSAIOB.

[pumep. VccnenoBaTh Ha CXOMUMOCTE P Z(_l)m—l( :n +éj
n=1 n+

Pewenue. IlpumennM pagukansHbii npu3Hak Komm k psany u3 Moay-

limo/a, = Iim(3n+1j:§<l

e

" 5n+3) 5
3HAYUT, JAHHBIA PSAI CXOAUTCS aOCOIFOTHO.

(-1
\/_

Pewenue. Psin u3 Momynent siBIsieTCS pacXosauuMcs Kak 0000IIeHHBIN

IIpumep. VccnenoBaTh Ha CXOUMOCTD PSIT Z

o 1
TapMOHUYECKUH PsiJl C MOKA3ATEIEM « =3 OpnHako, 1Sl JaHHOTO psijia BbI-

MOJTHEHBI YCIIOBUS TeopeMbl JIelOHu1a, T.€. psii CXOAUTCS YCIOBHO.

be3 ookazamenvcmea ommemum ceoticmea abcoIOMHO U YCILOBHO CXO-
osauxcs psiooe.

Teopema. Ecnu psim cXoauTCst aOCOTIOTHO, TO PAJl, MOJYYEHHBIN Mpo-
W3BOJILHOM TIEPECTAaHOBKOM €ro 4JICHOB, TAaKXKE CXOIUTCA U UMEET Ty XKE
cymmy. (dpyrumu cioBamu, aOCOMIOTHO CXOSIIMIACS psifi 00JIaaeT nepemMe-
CTUTEJIbHBIM CBOMCTBOM TakK K€, KaK M KOHEUHAas CyMMa).

Ecmu psn cXomuTcss yCIIOBHO, TO HAJJIEXkKaIEW IEPECTAHOBKOM €ro
YJICHOB MOKHO M3MEHUTh CYMMY psifia Ha Jt000e 3aJJaHHOE YHCII0, a TaKKe
cAenaTh psia pacXodsSIIUMCS.

2. ‘I)yHKIII/IOHa.TlI)HI)Ie PAAbI

Onpeodenenue. lIlyctb  nmaHa  TOCHENOBAaTEIBHOCTh  (PYHKITUI
u (x), U,(X), ..., U,(x), ... , OIPEAEITCHHBIX HA HEKOTOPOM MHOXKECTBE X . BrI-
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paxenue Buga u,(X)+u,(X)+...+u,(X)+...= Zun(x) Ha3bIBACTCA (DYHKYUOHAb-
n=1

HbIM PSIIOM, @ MHOKECTBO X — 00JIaCTBIO OTIPEAETICHUS 3TOTO pAJIa.

[Ipu mojacTaHOBKE NPOW3BOJILHOTO 3HAYEHHMS] X U3 MHOXECTBa X
(GYHKUIMOHATIBHBIA Psii CTAHOBUTCS YMCJIOBBIM, MPUYEM MPU OJHHUX 3HAYEHU-
X X YHCIIOBOM Psii MOXKET OBITh CXOMAIIMMCS, a MPU APYTHX — PACXOIAIIIM-
csl.

Onpeodenenue. MHOXECTBO 3HAYCHUN TEPEMEHHOM X, MPU KOTOPHIX
(GYHKITMOHATBHBIN Pl CXOAUTCS, Ha3bIBACTCS 001acmblo cxooumocmu (PyHK-
IIUOHAJILHOTO PsjIa.

Hanpumep, paasl D x", > = OHpejeseHbl P TI00bIX 3HAYEHUAX
n=1 n=1 n

x. O0nacThi0 CXOAMMOCTH MEPBOTO U3 HUX SIBISIETCSI MHTEpBaN (-1,1), a 00-
JACThIO CXOJIUMOCTH BTOPOTO — MPOMEXYTOK (1, +o0) . Cymma (pyHKIHOHATb-
HOTO psfa S(x) OpeacTaBisieT co0oil GYHKIMIO, ONpEACICHHYI0 Ha 001acTH
CXOJMMOCTH psifa.

Pagnomepnan cxooumocmsb hyHKYUUOHATBHOZ0 PAOA

Onpeoenenue. Ilycts (QyHKIMOHANBHBIA P > U, (X) CXOAMTCA Ha

n=1

MHOXKeCTBE X . S (X), S(X) — 4yacTH4YHAss CyMMa U CyMMa 3TOro psaa COOT-

BETCTBEHHO. DYHKIHMOHAIBHBIA P Zun(x) Ha3bIBAECTCS PABHOMEPHO CXO-
n=1

OsawuMcss Ha MHOXKECTBE X , €CJIU JUIS JII000ro & >0 HaiaeTcs Takol HOMep
N, 94TO JJIs1 BC€X HOMEPOB N> N U JJIs JJF0OOTO X € X OyACT BBIMOJHEHO HE-
paBeHCTBO |I,(X)|=[S,(X)-S(X)|<¢.

Jpyrumu cioBaMH, psifi CXOAUTCA pAaBHOMEPHO HA MHOKECTBE X , €CIIH
Pa3HOCTh MEXKJY YaCTHYHOW CYMMOM M CYMMOM psia CTaHOBUTCS CKOJIb
YrOJIHO MaJiol, HA4MHasA C HEKOTOPOrO HOMEPA, OJTHOBPEMEHHO ISl BCEX X,
MIPUHAJIEKAITUX MHOXKECTBY X .

1. Teopema Betiepwumpacca (O0ocmamoynoe yciosue pPasHOMEPHOU

cxodumocmu). Ecny unensl QYHKIMOHATLHOTO psAfa » u (X) NpH BCEX X,
n=1

NPUHAUISKAIINX MHOXECTBY X, YyIOBICTBOPSET HEPAaBEHCTBY |u,(X)<a,,

n=1 2,3, .. ,14¢ a,>0 - 4WIeHbl HEKOTOPOTO CXOSIIErOCs] YUCIOBOTO Psijia
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> a,, T0 GyHKIMOHABHBINA PAX > U, (X) CXOAUTCS aOCOMIOTHO U PaBHOMEP-

n=1 n=1
HO HA MHOKECTBE X .

Jloxazamenbcmeo. AOGCOMIOTHAS CXOJAMMOCTh (DYHKIIMOHAJIBLHOTO psijia
IIpU BCEX X e X CIEAYET U3 NMPU3HAKA CPABHEHUS U U3 CXOJIUMOCTH YHUCIIOBO-
ro psga. Ilokaxkem, 9To (PYHKIMOHAJIBHBIA PSAJ CXOAUTCS PaAaBHOMEPHO Ha
MHOXecTBe X . M3 yCJIOBHUSI T€OpEMBI CIIeTyeT, YTO JJIsl JTF000Tr0 HaTypajbHO-
ro uncia k u st iFo6oro X e X BEpHO HEPABEHCTBO

‘un+l(x) + un+2 (X) +..t Un+k (X)‘ < ‘un+1 (X)‘ + ‘umz (X)‘ +o.t

+ \umk (x)\ <a,,+a,,+..+a,, <p,, TIe p, — OCTATOK YUCIOBOrO Ps-
na. Ilepexoast B 3TOM HEpaBEHCTBE K Tpeeay MpH YCIOBUU K — oo, TIOIY-
YUM|r, (X)| < p,» THE T,(X) — 0CTaTOK (PyHKIMOHATIBLHOTO psja. [To ycnoBuro Teo-

PEMBI UHCIIOBOM Psii CXOOUTCS, TO3TOMY ISl JIFOOOTO ¢ >0 HaWaeTcs TaKou
HOMEp N, 4TO g BceX HOMEPOB n> N OyA€T BBIIOJHEHO HEPaBEHCTBO
p, <&, a, 3HAUMT, U JUI OCTaTKa (yHKIMOHAIBHOTO psiza |r,(X)| <& A Beex

X e X, T.e. QYHKIIMOHAJIbHBIN PSJI CXOJIUTCS PABHOMEPHO HA MHOXKECTBE X .

Onpedenenue. Uncnosoil psn > a,, yAOBIETBOPSAIONIMH yCIOBHAM
n=1

TeopeMbl BelepmTpacca, Ha3bpIBa€TCA MANCOPUPYIOWUM YUCIOBBIM PSIOM

115 QYHKIHMOHAIBEHOTO PAAa Y U, (X) WIH YUCIO0601 MAMHCOPAHMOLL.

n=1

. = COS NX
Ilpumep. Jloxasath, 4TO (YHKIMOHATBHBIA P D ——— CXOAUTCA

na N
paBHOMEPHO IIpH BceX X.
Pewenue. MaxxopupytonuM 9UCIOBBIM PSIOM ISl JaHHOTO (DYHKITHO-
cosnx| 1

—|<— TpHU BceX X. A TaK Kak
n n

- 1
HAJIBHOTO psiga ABJIACTCS psAn Z_Z , T.K.

n=1

o0

1 o o
pan Z—Z CXOJIUTCS, TO JIAHHBIM (DYHKIIMOHAIBHBINA PSJI CXOIUTCS PaBHO-

n=1
MEPHO Ha BCEU YUCIOBOM OCH.
o - X
Ilpumep. Jloka3aTb, 4TO (YHKIMOHATBHBIA P » ——— CXOAUTCA

n=1
PaBHOMEPHO Ha MPOMEKYTKE [0, +0).
Pewenue. Unenbl 1aHHOTO (PYHKIIMOHAJIBHOTO Psijia HEOTPULIATEIIbHBI
npu xe|0, +o0). s IOCTPOEHUS MAa)KOPAHTHI HAWJEM IPH KakI0M (PUKCH-
X
n+x*

POBAaHHOM N MaKCHUMAaJIbHOE 3HaY€HUE PYHKIHHU U, (X) =
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]_IJ'ISI 9TOI'0 BBIYHCJIMM IIPOHU3BOJAHYIO

n3
-2 X} -
n*+x°-3x°  —-2x°+n° ( ZJ

M+x3)?  M+x3)? (NP+x°)?

Uy (x) =

HpOI/ISBOI[HaJI U; (X) =0 IIpu X = % , 1 9Ta TOYKa ABJIACTCA TOYKON MakK-
CuMyMa CI)YHKLII/II/I u, (X) (HpOBCpI/ITb, BBIYHCJIMB BTOPYIO HpOI/IBBOI[HYIO). Maxk-
n
(U () 32 2 1 _ %41
CUMAJIBHOC 3HAYCHUC =
n max 3\,/_ 3 33 2 n 3 n
n +
2
3Ha‘-II/IT, YJICHBI CI)YHKL[I/IOHaJ'IBHOFO psaada Ha MHOXKCCTBC [0, +OO) yYao0-
Ya 1
BJICTBOPAIOT HCPABCHCTBY O<u (X) < ? n— HOCKOHBKy YHCIIOBOU pana z n
n=1

3

. o 4
CXOUTCA, TO YHUCIIOBOM DA, O6HII/II/I YJICH KOTOPOIro paBCH ? TaKXKC

)
n
cxomutcs. B cuity Teopemsl BeiiepmTpacca gaHHbI (DYyHKIIMOHAIBHBIN Psif
CXOJIUTCS PABHOMEPHO Ha TIPOMEKYTKE [0, +00).

Ceoiicmea pagHomMepHo cxX00amuxcs paooe

0 2

PaccmotpuM psang Y ———,
n=0 (1 )

YJIeHbl KOTOPOTO HENpEephIBHBI Ha Bceill uucioBoi ocu. Cymma psga
2

X
S(x)= — 1 = 1+ %%, ecin x=0, S(0) =0, Tepnut pa3pelB B TOYKE
1- 2
1+x
x =0, HECMOTps Ha TO, YTO YICHBI psiAa HENPEPBIBHBI IPHU BCEX X. ITO 00b-
SCHSAETCS HEPAaBHOMEPHOCTHIO CXOJUMOCTHU JIaHHOTO Psiia Ha JFOOOM MHOXe-
CTBE, coJepxkanieM Touky X =0. [lokaxxeM, 4To psia HE ABIAETCA pAaBHOMEPHO
CXOISIINMCS, OLICHUBAs OCTATOK psiaa IpHu X =0
2

X

KOTOPBIA CXOAMUTCS IIPU BCEX X U BCE

x? x? (1+x )" 1
r,(x)= I o e = -
@A+x*)"  @+xH)™ 1 1 (1+x )"
1+ x?
I1 I|m r(x)=Ilim ! 1
OCKOJIbK =lm——-—= TO OCTaTOK psijia HE MO-
Y 0 (Lt x2)™ ’ pAR

J)KET OBITH CKOJIb YIrogHo Majl OATHOBPEMCHHO IIpHW BCCX X HHU AJI KaKOr'o HO-



Mepa n. CiegoBaTenbHO, P CXOJAUTCS HEPAaBHOMEPHO Ha MHOXECTBE, CO-
JeprKaIieM Touky x =0.

[TepeiinemM K U3y4yeHUIO CBOMCTB ()YHKIIMOHAIBHBIX PSAOB, CXOJISIINX-
Csl pPABHOMEPHO Ha HEKOTOPOM OTPE3KE.

Teopema (HenpepvleHOCIb CYMMbL DABHOMEDHO CX005Ue20cs psaoa).
[Tycth pyukmuu u, (X) (n=1, 2, 3, ...) OIpeaeaCHBI U HEIPEPBIBHBI HA OTPE3KE

[a,b], a pstm > u,(x) cxomures paBHOMepHO Ha 3ToM orpeske. Toraa cymma
n=1

psAna S(x) HeOpepbIBHA HA OTOM OTpPE3KE.

Jlokazamenvcmeo. 3adukcupyeM NPOU3BOJBHYIO TOYKY X,, IIPUHAJ-
JIEKAILYIO OTPE3KY [a, b], u s mo6oro 3HaYeHMs X, TAKXKE IIPUHAIIEKAIIE-
ro oTpesKy [a, b], omenum pasHocTs

1S() =S (%)| =|(S(0) =S, (X)) ~ (S(%5) — S, (Xo) + (S, (X) = S, (%,))] <
<[S(X) = S, ()] +[S (%) = S, (%) +[S, (¥) = S, (%, )]

Bri6epem npousBosibHOE 4Kciio ¢ >0. B cuiny paBHOMEpHO# cX0IUMO-
CTH psiia MOXHO (UKCHpOBAaTh HOMEpP N TakoOH, 4YTO HEpPaBEHCTBO

S(x) =S, (x)| <§ OyJIeT BBIOIHEHO IS BCEX X €|a, b], B ToM umncne u a1s X, .

[Ipu (pMKCHPOBAHHOM N YaCTMYHAS CyMMa psaza S, (x) SABJIAETCS HENpEpPhIB-
HOM Ha OTpe3ke [a, b| Kak cyMMa KOHEYHOTO 4MCiIa HENPEPHIBHBIX (DYHKIIHIA.

[ToaToMy mJis BBIOpaHHOTO & >0 HaWIETCs TaKoe YUCIo S >0, 4To AJis JH000-
T0 X, YAOBJICTBOPSIOIICTO HEPABEHCTBY |X—X| <&, OyIeT BBINOIHEHO Hepa-

BEHCTBO S, (X)— S, (X,)| < % .

Toraa pasHOCTB|S(X) — S(X,)| < % + % +§ =&, YTO JOKa3bIBACT HETPEPHIB-

HOCTb CyMMBI PSijla B TOUKE X,, @ T.K. X, BBIOPAHO HPOH3BOJIBHO HA OTPE3KE
[a,b], To S(x) HenpepbIBHA Ha [a, b].

JIpyrue cBOICTBAa PABHOMEPHO CXOAAIIMXCA PAIOB chopMyupyeM 6e3
JI0Ka3aTeNbCTRA.

Teopema _(nounennoe _unmezpuposanue). Ecimu  (yHkuum  u, (X)

(n=1, 2, 3, ...) HelpepbIBHEI Ha OTpe3ke [a, b], a psig > u,(x) cxomurcs pas-

n=1
HOMEpPHO Ha 3TOM OTPE3KE, TO MHTETpajl OT CyMMBI psiia S(X) Ha OTpe3Ke
[a, b] mpexncraBaserca B Buae CyMMBI MHTErpalioB OT 4YIEHOB 3TOTO psaa

'TS(x)dx = iiun (x)dx,

n=1g
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T.C. J( iun (x))dx = ij'un(x)dx :

n=1 a

3ameuanue. VIHTErpHpOBaHME MOKHO BBHIIOIHHTE Ha JTI0OOM OTpE3Ke,
IPUHAIEKAIEM OTPE3KY [a, b].

“n
IIpumep. BeIYMCINTL CyMMy YMCIIOBOTO psaa » — .
n=1

Pewenue. Ilyctb S - nckomasg cymMma, OPEACTaBUM S B BHUJAE

S :%23?_1. PaccmoTpum GyHKimMoHanbHEI psaa > n-x"*. Ha mo6om oT-
n=1 n=1

pe3Ke, NpUHALICKAIEM UHTEPBALY (—11), OTOT psAd CXOAUTCS PaBHOMEPHO,
T.K. MQKOPHUPYETCSA CXOMAIIMUMCS YUCIOBBIM psiaoM. IIycTh o(x) — cymma 3to-

1 1
ro psjaa, Toraa S =§a(§). [IpumMeHrM K MOCTPOEHHOMY (PYHKIIMOHAJIb-
HOMY pSAy TEOpPEMY O MOWICHHOM HHTErpUpPOBaHUU. MIHTErpupOBaHHE BbI-
IIOJIHUM Ha OTpe3Ke [0, x], noJiaras, 4TO x e (-11)

[ N Mk S K = X
'([U(X)dX—Zjn X"tdx =>"x =T

n=1 g n=1

_ 1 . Mckomast cymma S:l.;zg
1-x) 4

I3

Teopema (nounennoe oughghepenyuposanue). Iycth GyHKIUU U, (X)

Torna o(x) = (11( xj

(n=1 2, 3, ...) Onpe/eneHsl U HENPEPHIBHBI HAa OTpe3Ke [a, b| u mmeror

Ha 3TOM OTPE3KE HEMPEPBIBHBIE MPOU3BOIHBIE U/ (X). Psx Zun(x) CXOOUTCH,

n=1

a psio D u/(X) CXOIUTCS paBHOMEPHO Ha orTpeske [a, b]. Torma cymma S(x)
n=1

psazna iun(x) nudepennupyemMa Ha oTpeske [a, b], mpuuem mpomssomHas
n=1

CYMMBI paBHa CyMM€ psja W3 IIPOU3BOIHBIX S’(x):Zur’](x), T.€C.
=1

(30,00 ) =200

IIpumep. BeIYMCINTL CyMMY YHCIIOBOTO psfia »
n=1

n .
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Xn

Pewenue. PaccMoTpuM (yHKITMOHATBHBIN PsIJT Z , KOTOpBIA CXO-

n=1
nuTcst Ha uHTepBaie (—1,1). O003HaYUM HCXOAHYIO CYMMY YHCJIOBOIO psijia

S, a cyMMy (hyHKIIMOHANBHOTO psima S(x). Torma S = SG] . Paccmotpum psin

W3 IIPOU3BOIHBIX Zx”‘l. DTOT psAJ CXOJUTCSI paBHOMEPHO Ha JIIOOOM OTpe3-
n=1

Ke, MpHUHAUICKaAIEeM HHTEpBaly (—11), T.K. MaXOPUPYETCS CXOAAIIUMCS
YUCJIOBBIM psiioM, [IpuMeHNM K JaHHOMY Py TEOpEMY O MOWICHHOM aud-
(dhepeHIMpOBaHUHT

o0 o0 1

S' ()= X"t =D x"=—"—,
n=1 n=0 1-x
YuursiBas, uto S(0) =0, nonydum S =—In(l-x) . Uckomas cymma

{2

Cmenennuie paovt

Onpedenenue. CTENEHHBIM PSOM Ha3bIBa€TCs (DYHKIIMOHAIBHBIN PsiJT

BUIA D a X' =3, +aX+aX +..
n=0
PaccMaTpuBaroTCs TaK)KE CTETIEHHBIE Psiibl Oosiee 00IIero Buia

Zan(x—xo)”:a0+a1(x—x0)+a2(x—x0)2+..., KOTOpPBIE C IIOMOIIBIO 3aMEHBI
n=0

(X—X,) Ha HOBYIO EPEMEHHYIO CBOIATCS K psAdaM BHUIA Zanx“ , A3y4EHUEM
n=0

KOTOPBIX MOXHO OTPaHUYMUTHCS. BBIACHUM, KakoW BHII MMEET 00JIaCTh CXO-

JUMOCTH CTEIIEHHOI'O psiaa.

Teopema Abens. Ecnu cTenieHHOM pan Y a x" CXOAUTCSA B HEKOTOPOH
n=0

TOYKE X, # 0, TO OH a0COJIFOTHO CXOJIUTCS B JIFOOOM TOUKE X, TAKOW 4TO

X <Pl-

n

Jokasamenvcmso. W3 cxoaumocTu psaa » a,X," CIEIyeT, uTo ero oo-

n=0
AN YWIEH CTPEMUTCS K HYJIIO, 4, 3HAYUT, OTPAHUYEH, T.€. CYIIECTBYET I0JIO-

XKUTEIBHOE YUCIO M Takoe, 4To anxo"‘gM , =01 2 3,....
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Bo3bMeM IpoH3BONIBHOE X, I KOTOPOTO |X| <|X,| ¥ paccMoTpuM psi

i‘anx”
n=0

n
X
= anXOn -[—j —
XO

OOmumii 4jieH paccMaTpuBaeMOro psjia MEHbBIIE, YeM COOTBETCTBYIO-
1IMe YieHbl OECKOHEUHO YOBIBAIOUIEH reOMETPUUECKONU MPOrpeccun. 3HAUUT,
CTENIEHHOM psiJi CXOIUTCS aDCOTIOTHO B TOUKe X. TeopeMa JokaszaHa.

) Ouenum ero o0t YJIeH

n

X

<1.

a, X, <M-q", TAC q =

a,x"

0 (0)

Humepean u paouyc cxooumocmu cmeneHHo20 paoa

3ameTum, 4TO MO0OH cTeneHHo# psay Y ax" cxoxurcs npu x=0. Pac-
n=0

cMOTpUM psit > nIx". IIpUMeHUM Isi HAXOXKACHHS €ro 00IACTH CXOIH-
n—o

n+1)1x"* .

( ) §=|X|-|Im(n+l)=oo, eCiIu

n—oo

moctu mpu3Hak JlamamOepa lim
ocC pu3 | oep lim i

X # 0. 3HAUNT, TaHHBIA PSAJ CXOIUTCS TOJBKO B OHOU TOUYKE X, =0.

[Ipeanonoxum, 4To JUIsl CTEIIEHHOTO psfia CYLIECTBYIOT OTJIMYHBIE OT
HYJI 3HaY€HUs X, IPH KOTOPBIX OH CXOAUTCA. Ecim MHOKECTBO 3THX 3HaYe-
HUIl HE OTPAaHUYEHO, TO COTJIACHO TeopeMe AGest psll CXOAUTCS BCIOAY, IIPH-
4yeM aOCOJIIOTHO.

IlycTh MHOXECTBO 3HAYEHUM X, IPU KOTOPBIX CTENIEHHOM PSAI CXOIUT-
Csl, OTPAHUYEHO, U MOJIOKUTEIBHOE YUCIO R — TOYHAs BEPXHsSI IpaHb 3TOr0
MHOxecTBa. Ecim |Y <R, To Haiinercst 3HadeHHe X, Takoe, 4To |X<|x|<R,

pU KOTOPOM Pl cxonuTes. Toraa coriaacHo Teopeme AOens psisi CXOIUTCs
a0COIOTHO B TOUKe X. MTak, CTETIEHHOW pAZl CXOAUTCS a0COJIFOTHO B UHTEP-
Bajie (—R,R) M pacxoauTcs BHE 3TOro mHTepBaia. Ha koHax naTepBana, T.e.
pu X =+R MOXXET UMETh MECTO KaK CXOJIUMOCTh, TaK ¥ pACXOIUMOCTH Psijia.

Onpeoenenue. intepBan (—R,R) Ha3bIBACTCS UHMEPBAIOM CXOOUMO-
cmu CTETICHHOTO Psijia, a YUCIO R — paouycom cxooumocmu.

Ecnu creneHHOM psAl CXOOUTCA HA BCEM YMCIOBOM OCH, TO €TI0 PAaANyC
CXOJUMOCTH R =c0, a €CIU PSAJl CXOTUTCS TOJIBKO B OJHOW TOouke X=0, TO
R=0.

3ameuanue. CTenieHHOHN psfl BUAA ) a, (X—X,)" CXOOUTCSA WM B UHTEp-
n=0

BaIe (X, —R,X,+R) C LIECHTPOM B TOYKE X,, UJIM HA BCEH UMCIOBON OCH, WU
TOJIBKO B TOYKE X =X, .
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3ameyanue. VIHTEpBan CXOAUMOCTH CTEIEHHOTO psiia MOXET OBITh
HalJieH ¢ moMolibio npu3HakoB Jlamam6Gepa wiu Komm. s yctaHOBIEHUS
CXOJUMOCTH WJIM PAacXOAMMOCTH Ha KOHIIAX MHTEpBaia Tpedyercs MOMOJIHU-
TEJIbHOE UCCIEIOBAHUE C MOMOUIBIO APYTHUX TEOPEM.

n

Pagunyc cxomumocTu creneHHoro paga: R = lim

Nn—oo

H, COOTBCT-
a

n—+1

] 1
CTBEHHO, R = lim f ,ECIT ITH TIPEAEIbl CYIIECTBYIOT (KOHEYHBIC
n—soo N a
n
WM OCCKOHEUHBIE).

n+1
IIpumep. Haitu 00J1aCTh CXOIUMOCTH CTEIIEHHOTO psana Z ( o )
n=0

Pewenue. ITpumenum npusnak Jlanambepa

|(n+2)x 2z |=mlian2:m<l<:>|x|<2<:>—2<x<2.

n—m‘ 2" (n+D)xX"| 2 e n+l

(-2,2) — HHTEPBAJI CXOOAUMOCTH, R =2 — paauyc CXOOUMOCTH.

UccnenyeM cxoauMocTh Ha KOHIAX HHTEepBaia. OO0o3Hauas oOmIMit
9IeH psAga U, (X), BBIUYACIUM €ro 3HAYCHHWS Ha KOHIAX WHTEpBaJa:
u(-2)=(1"-(n+1), u,(2=n+1.

[Ipu x =12 He BBIMOJHSAETCS HEOOXOIUMOE YCIOBUE CXOJAUMOCTH, Clie-
JIOBATEIHHO, HA KOHIIAX MHTEPBAJIA PSIT PACXOTUTCS.

Ilpumep. HaiitTm  o0macTh  CXOAMMOCTH  CTENEHHOIO  psja
Z a )n (x+1)"
JInn’
PeweHue. [Ipumennm HpI/ISHaK Janambepa
i | (x+D"? ".Inn| |X+ZIJ Inn  |x+1
n=3""1 . In(n +1) (x +H"| 3 am In(n +1) 3
. Inn
[Tpu Beruucnenun lim m MCTIO0JIb3yEeTCs TTpaBmiio Jlonurans
n—oo +
1
Int 00 N T o | : Inn
im———=| — |=Ilim lim =1 = lim———=
t—>00 |n(t _|_1) o0 tso 1 tow t n—o |n(n +1)
t+1

HNuTepBast cXO0QUMOCTH ONPEAETSAETCS U3 HEPABEHCTBA

|X+14

(-4,2) — HHTepBaJI CXOOUMOCTH, R=3 — pagnyc cXOQUMOCTH.

<l |X+1|<3 & —3<x+1<3 < —4<x<?2.



HCCJ’IGI{YCM CXOIMMOCTb Ha KOHIAX HHTCpPBAJIA. HpI/I X=-4 IMOJIy4YUM

[’e]

o 1 1
IMOJIOKUTCIIBHBIN DA Z— . CpaBHI/IM €0 C TAapMOHHUYCCKHUM PAI0M Z—.
n=2 n=1

[Tokaxkxem, 4To nJig JHOOOTO HOMEpa n=2, 3, 4,.. BBIIOJHEHO HEPABEHCTBO

1 1 _ _Inn Inx
—>= < —<1. [Jlns satoro paccMoTpuM (QyHKIHIO f(X) =—— U BBIUUCIUM
X

Inn n n
1-Inx

X2

€e  IPOU3BOJHYIO: f'(x)= <0 npu x>e. Tak kak

f(2)=|n72<1, f(3):|n?3<1 , amnpu x>e f(x) yObIBaer, TO ee 3HAYCHUSA

MeHbine 1 npu Bcex n=234,.... UleHbl NOJy4eHHOTo psifia 0oJbllle, YeM CO-
OTBETCTBYIOIINE WJICHBI TAPMOHUYECKOIO pAna, T.€. MpU X=-4 psig pacxo-

mutcst. [lpu  x=2 nomayyum psn i(_lzl

n=2 I

, KOTOpBIﬁ CXOOUTCA YCIIOBHO KakK

3HaKouepeayuics psa Jlenouuma.
XI’]

Ilpumep. HaiitTu 001aCcTh CXOAMMOCTH CTEIICHHOTO psijia Z '
nl

n=0
Pewenue. ITpumenum npusznak [lanambepa:

Xn+1 n!
(n+D! x"

CHGI[OBaTeJIBHO, 00J1aCTh CXOOAMMOCTHU AAHHOI'O pAda — BCS 4YHUCIIOBas

. 1
= x| lim =0 mpH BceX X.
n—oo N 41

n—oo

OChb.

Teopema (0 pasHOMEPHOU CXOOUMOCMU cmeneHHo20 paoa). CTEIIEHHON

psax > a,x" CXOAUTCA PABHOMEPHO HA JIFOOOM OTpe3Ke, MPUHAIJIEKAIEM HH-
n=0

TepBaJy CXOJUMOCTH.
Jloxazamenvcmeo. Ilyctb (—R,R) — HHTEpBAJl CXOAUMOCTH CTEIEHHOTO

psza u [a, b] — IPOM3BONBHBINA OTPE30K, MPUHAIEKALINI TOMY HHTEPBAILY.
OGo3HAUMM X, — MaKcHuManbHoe u3 uncen [d, b|. Torxa mis Beex x <[a, b] 6y-
JIeT BBITIOJIHATHCS HEPABEHCTBO |X| <|X,|. CTeNeHHO psii CXOANTCS a0COIIOTHO

B TOUKE X,, T.K. X, € (-R,R). Kpome Toro, <la X,

a,x"

, T.e. CTEIIEHHOMN psil

Ma)KOpUpYeTCsl Ha OTpe3Ke [a,b] cXomAImmMMmcsl MONOKHTENbHBIM YHCIOBBIM
psAaoM, a, 3HAYMT, COTJIACHO TeopeMme Beiiepiirpacca, CXOIUTCS Ha 3TOM OT-
pe3ke paBHOMepHO. Teopema TokaszaHa.

Cmenennvie psodbl 001a0ar0mM CEOUCMBAMU PABHOMEPHO CXOOSAUWUXCS
DYHKYUOHATIBHBIX PSO0S.
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1. Cymma creneHHOro psiia HENpepbIBHA Ha JIIOOOM OTpEe3Ke, MpUHA/I-
JeKaleM UHTEPBAITy CXOJIMMOCTH, a, 3HAUUT, HEMPEPbIBHA Ha BCEM MHTEPBa-
je.

2. Vnterpan oT CyMMBbl CTEMEHHOTO psiia S(X) Ha JIOOOM OTpeE3Ke,
PUHAJISKAIIEM UHTEPBAILY CXOAUMOCTH, PaBEH CyMME psijia, TIOTy4YEeHHOTO
U3 JAHHOTO CTENEHHOTO Psijia MMyTeM MOWJICHHOTO HHTErPUPOBAHUS HA TOM XKe
OTpe3Ke

b w b
IS(x)dx = Zjanx“dx .
a n=0ga

Eciu B KauecTBe OTpe3Ka MHTEIPUPOBAHUS B3ATh OTpe3oK [0, x|, rme x

MPUHAICKUT HHTEPBATY CXOANMOCTH, TO PAaBEHCTBO MPUOOPETAET BUT

J.S(x)dx:zw: & x””:ihx”,
0

—n+1 T N

T.e. B pe3ynpTare NOWIEHHOTO MHTEIPUPOBAHUS CTENEHHOIO psifa Ha
oTpeske [0, x| momyuaercss Takxe creneHHOU psn. Ilone3ysch, HampuMep,
npu3zHakoMm JlamamOepa, MOXXHO TOKa3aTh, YTO PagUyC CXOJMMOCTH IOIY-
YEHHOTO psJia COBMALAET C PaIUyCOM CXOJUMOCTH UCXOJHOTO Psa.

3. Ilpu nounennom audpepeHInpoBaHH CTEIEHHOrOo psAaa » a X" mo-
n=0

JIly4MM TaKKe CTEMEHHOH panx Y a -nx""=>a  -(n+1)X" ¢ TeM ke paauy-
n=1 n=0
COM CXOJAMMOCTH. DTO 03HAYaET, YTO CyMMa CTENEHHOTO psna JuddepeHin-
pyeMa Ha HHTepBaJIe CXOJUMOCTH, U MIPOU3BOHAS CYMMbI paBHa CyMMeE psifa
U3 NPOU3BOHBIX.
[Tounennoe AudpepeHunpoBaHre MOKHO IPUMEHUTH IOBTOPHO K PATY
13 MPOU3BOJHBIX [IEPBOTO MOPSIIKA, BTOPOTO U T.J. 3HAYUT, CYMMa CTEIIEHHO-
ro psga UMEET BHYTPU MHTEPBaIa CXOAUMOCTH MTPOU3BOAHBIE BCEX MOPSIIKOB.
3ameuanue. I1pn TOUIEHHOM UHTETPUPOBAHUM U AU DHepeHInpPOBaHUN
CTENIEHHOr'0 psAJla UHTEPBaAI CXOAUMOCTU coxpaHseTcs. CXoIUMOCTh Ha KOH-
1aX MHTEepBaJia CIeAyeT IPOBEPSATh OTAEIBHO.

n

IIpumep. Haiitu cymmy psiia i(—l)n+1 XF
n=1

Pewenue. JIJaHHBIN psiJl CXOOUTCS HA MPOMEKYTKE (—1, 1]. O0o3HaYnM
S(X) ero cyMMy M MPUMEHHM T€OPEMY O TTOUJIeHHOM nudhepeHIIpPOBaHNN:

o0 0 1
S,X= _1n+l.xn—1= _1n_Xn:_.
(0=2D 2D =

[TonydeHHslit B pe3ysibTaTe NMOYIEHHOTO AU(pdHEepeHIIMPOBaHUS CTEIIECH-
HOU PAZl ABJISECTCS CYMMOM T€OMETPUUYECKOU MPOTPECCUU U CXOAUTCA HA UH-
tepBasie (—1,1). YuuteiBas, yto S(0) =0, Haugem S(x)=In(1+x).
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Ilpumep. Haiitu cymmy psiza i(n +1)-x".

n=0
Pewenue. Jlanapiii psig cxomutcs Ha uHTepBaie (-1,1). OGo3HauuM
S(x) ero CcymMMy U MPUMEHUM T€OPEMY O MTOYIEHHOM UHTETPUPOBAHUU:

IS(x)dx ZX”“ Zx

[lonydeHHblll B pe3yibTaTe MOWIEHHOTO WHTETPUPOBAHUS CTEIIEHHOM
PSI ABIIAETCS. CyMMOW T€OMETPUYECKON IPOrPECCUM M CXOIUTCS HA MHTEpBa-
!

ae (-11). Cymma psana S(x) =(1ij = (1_1)()2

Pao Teiinopa

YacTUYHBIMUA CyMMaMU CTEIIEHHBIX PSAZIOB SIBJISIIOTCS MHOTOWICHBI, YTO
JieJIaeT CTEIEHHBIC PSIABl YIOOHBIM CPEJACTBOM IS MPUOIMKEHHBIX BBIUKC-
neHuii. Bonpoc o npeacTaBneHun GyHKIIUN CTETICHHBIMU PsJIaMH UMEET 0CO-
00e 3HaueHUE.

[Ipenmonoxum, uro 3amanHas GyHKIUa f(x) B HEKOTOPOM HMHTEpBaJIe
C LIEHTPOM B TOUYKE X, UMEET MPOU3BOJHBIC BCEX MOPSAKOB. TOraa coriiacHo
dbopmyne Teitopa a1 BceX 3HaYEHUM X M3 ATOTO MHTEPBAJIa BBIMOJIHICTCS
PaBEHCTBO

f(x)_f(x0)+f(°)(x Xo) + (0)(x xo) +...+
21
, rae R,(x)

+f(n)n(,x°)(x—xo)" +R,(X),

octatrouyHbli  ujeH ¢Gopmynsl  Teimopa. OH 3amuchiBaeTCs pa3HbIMU
f () (Xl) ( )n+1
(n+1)!

crocobamu, Hampumep, B ¢opme Jlarpanxka R (X) =

TIOE X € (X, X).

[Tpu 3ToM N MOXXHO BBIOPATh CKOJIb YTOJHO OOJIBIINM, T.€. YUUTHIBAThH
B 9TOH (hopMyJie CKOJIb YTOAHO OOJIBIIINE CTETICHH MIEPEMEHHON (X —X,). Ecte-
CTBEHHO BO3HHMKAET BOIIPOC O BO3MOKHOCTH TpeacTaBieHust GyHKuuu f(x) B
BUJIe OECKOHEUHOMN CYMMI)I WJIA B BUJIE€ CTEIIEHHOTO psia

f(x)=f(x,)+ (0)(x )%(X—XO)2+...+

M (X XO) + ..
n!

Takol psn, HE3aBUCHMO OT TOrO, CXOAUTCS OH WJIM HE CXOAMUTCS K
bynkuun f(x) B HEKOTOPOM HWHTEpBaje, Ha3bIBaeTCs psoom Tetinopa 3TON
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dbynkuuu, a ero kodPduiuentsl — kodpdunuentamu Teinopa. Eciu x, =0,
TO JaHHBII CTENIEHHOW Pl Ha3bIBaeTCA psoom Maxnopena

f'(0 f"(0 ()
f(x)= f(0)+ ( )x+ ( )x2+...+Ax”+....
il ! n!

Cornacao ¢opmyne Teitsiopa pa3HOCTh MEXKIY 3HAUYCHUAMH (DYHKIIUH
f(x) 1 yacTuuHOM cyMmoi psna Teimopa ¢ HoMepoM (n+1) 3To (YHKIIUU
paBHa octatouHoMy ujieHy popmynsl Tenopa R (x). [losTomy cripaBeannBo
CIEAYIOIIEE YTBEPKACHUE.

Teopema. Jlis TOro 4TOOBI MPU HEKOTOPOM 3HAYEHHHM X 3HAYCHHUE
dbyukmuu f(x) coBmagano ¢ cymmon psiga Telnopa 3toit pyHKIMM HEOOXO-
JIMMO U J0CTaTOYHO, YTOOBI OCTaTOUYHBIN ujieH (opmyibl Telnopa npu 3Tom

3HAUYCHUHU X CTPEMUTCS K HYJIIO C BO3pacTaHUEM N : lIimR,(x)=0.
N—o0

Teopema. Ecnin ¢pyHkuus f(x) B HEKOTOPOM HHTEpPBaJIE C LEHTPOM B
TOYKE X, MMEET MPOU3BOJHBIE BCEX ITOPSAJAKOB M BCE MPOU3BOAHBIE T BCEX

X W3 3TOr0 MHTEPBAJIA OTPAHUYCHBI OJTHUM H TEM JKE€ YUCIIOM: ‘f("’ (x)‘ <M,

To psan Teinopa 3Toit PyHKIIMU CXOAUTCS K caMOi (DyHKIIMM HA JAHHOM WH-
TepBaJIE.

OTO yTBEPKJIEHHUE MPUMEHHUMO K TaKUM DJIEMEHTAPHBIM (PYHKIUSAM Kak
e”, sinx, cosx. Hanpumep, ¢yHkmum SinX u COSX nuddepeHInpyeMbl
BCIOZTy O€CKOHEYHOE YMCIIO pa3, U BCE X MPOU3BOJIHBIE OTPAHUYEHBI TI0O MO-
yJI0 €IMHULEH. 3HAUUT, 3TH (DYHKIIMU MOKHO Pa3JIOkKHUTh B psAnbl Tenopa
Ha JJI000M MHTEpBAJIE C LICHTPOM B JIFOOOM TOUKE.

Teopema (0 edunHcmseeHHOCMU npedcmasienus QYHKYUU cmeneHHuIM
psoom). Ecnu dyukius f(x) mpeacTtaBuma Ha HEKOTOPOM MHTEpBAje C IICH-

TPOM B TOYKE X, CTCIICHHBIM psaoOM f(X) = Zan(x— X,)" ,TO OTOT PAJ ABIACTCS
n=0

psaom Telinopa 3Toil pyHKIMU.

JHoxasamenvcmso. Tlonaras x=x, B Gopmyne f(x)=>a (x—x,)", 10-
n=0

ayauM  f(x,)=a,. IlpuMeHHUM K JAHHOMY CTENIEHHOMY psAy TEOpEMY O
nousieHHOM U depeHITMPOBAHNHN:

F(x)=>a, -n-(x—x%)"?,

(0= a,-n-(n-1)-(x—x)"2,

FO0)=a, n-(n-1)-. (n—k+1) - (x—%)"* ,
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[lonaras B aTux PAaBCHCTBAX X =X,, IOJY4YUM

f'(x)=a-1,
f'(x,)=4a,-2-1,

FO (%) =a, -k-(K=1)-...-2-1,

3HauuT, 1719 KO3(PPUIIMEHTOB psijia CIIpaBeUIUBLI (POPMYIIBI:

' " ()
3, = f(x), q:%, a, = f g‘)), cee s By :%, cee
T.€. JaHHBIA psij sBisieTcs psipoM Teinopa stoit pyHkuuu. Teopema
JIOKa3aHa.
3ameuanue. TeopeMa €ITMHCTBEHHOCTH MO3BOJISIET JOKA3bIBaTh HEKOTO-
pele ToxzaecTBa. i 3TOro packiagbplBalOT HEKOTOPYIO (PYHKIMIO IBYMsI
crioco0aMu B CTENEHHOU psill. B cuity Teopembl eTMHCTBEHHOCTH KO3 duiim-

CHTBI B 000MX paaax mpyu OAMHAKOBBIX CTCIICHAX X COBIIAJAIOT.

Pa3znoscenue 0cHOBHBIX IleMEHMAPHBIX PYHKYUIL

BeinuineMm paszioxkeHus B psaasl MakiiopeHa OCHOBHBIX 3J€MEHTapHbBIX
(GyHKUIHM.

2 n

eX=1+x+X—+...+—+..., X € (—o0,+ ),
2! n!
3 5 2n+1
sinx:x—X—+X——...+(—1)”- X 4.y Xe&(—o0,+00),
3 5l (2n+1)!
X2 X4 2n
cosX=1-—+——..+(-1)"- +.., Xe&(~00,+x),
2 4 (2n)!
2 3 n
INL+x) = X— 4 ()™ 2 xe(-1,
2 3 n

a(a-1) N a(a-1)...(a—n+1) <4
2! n!
[Tocnenuee pa3noxeHue NMpu o = —1 NIPUHUMAET BUJL

@+x)* =1+ax+ sy Xe(-12),

L oxax? — et (D" X" +..., xe(-11).
1+X

3amensis X Ha (—X), OPpUXOAUM K CTaHIAPTHOU (opmylie sl CyM-
MBI F€OMETPUUECKON MPOTrPECCUU

i:1+x+x2 o+ X"+.., xe(-1D.
1-x
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Hpumep. Paznoxuts ¢ysximo  f(X) =sin®X B psg Makiopena.
Haiitn npon3BogHYyIO n-TO MOpsAAKA B TOUKE X, =0.

Pewenue. Bocnonbzyemcst TPUTOHOMETPUYECKUM TOXJ1e-
. 5 1-—cos2x
CTBOM SIN® X ==, a3ty TaOMMYHBIM pa3ioKeHUEM (YHKIIUU COSX,

3aMCHsIA IEPEMEHHYIO X Ha IIEPEMEHHYIO (2X) .

1 1(1_(2x) L@ e @0 J:

sinx==-
2

2 2 4 (2n)!
3 2n-1
=Ex2—2—x4+...+(—1)”+1-2—x2"+..., X € (—o0,+0).
2" 4 (2n)!
B CHITY TEOPEMBI CIMHCTBCHHOCTH uMeeM

2n-1 -
2 n n+1 22n 1

FE(0)= (=)™ - (2n)!=(-1)

@ e O

IIpumep. Paznoxuth Qynkuuio f(x)=In(x*+5x+6) B psag Teitmopa B
OKPECTHOCTHM TOYKH X, =-1, T.€. IO CTEIEHSAM IIEpeMEHHON (x+1). Haitu
IPOU3BOJAHYIO N-TO MOPSAJIKA B TOUKE X, = —

Pewenue. Tlonp3ysch cBONCTBaMH JOTapU(PMUUYECKON (PYHKUIUU, BBI-
MIOJIHUM TOX/IE€CTBEHHBIE TPEOOPA30BAHUS
= In(x* +5x+6) = In((x + 2)(x +3)) = In(x + 2) + In(x +3) =

— In(L+ (x+1)+ N2+ (x +1)) = In2+|n(1+(x+l))+|n(1+XT+1j,

a 3aTeM NPUMEHUM TaOJuW4HOE paziokeHue QyHKuuH In(l+x), Aenas
COOTBETCTBYIOILIUE 3aMEHBI

:In2+i(—1)”1-%+i(—1)“-%=ln 2+i(‘1—r?n_1[1+2—1nj(x+1)" .

UtoObl HAaWTH 3HAYEHUS X, JUISl KOTOPBIX CIpPaBEIJIMBa MOJyYCHHAs
dbopmya, penuM CUCTEMY HEPABEHCTB

-1<x+1<1
-1 1<1 -2 <0.
Ep x;1<1 b= < X+ b= <X

n-1
B cuiy Teopemsl etuHCTBEHHOCTH MMeeM f (M (~1) = (G 1) ( + 2") nl.

Ipumep. Paznoxuts B psig Makiopena ¢yukiuio Y = arctg(X) . Haiitu
MIPOM3BOHYIO N-TO MOPSAKA B TOUKE X, =0.
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Pewenue. Bocionb3yeMcst TaOJIUYHBIM Pa3IoKEHUEM ISl TIPe/ICTaBlie-
HUS CTENIEHHBIM PSJIOM TIPOU3BOIHON 3TON (DYHKIIMU

y' = (arctg (X))’ = ~=1-X2+ X — 4+ (D" X" +..., xe(-1D).
1+X
X dX X3 X5 X2n+l
Torma arctg(x) = X=X——+——...+(-D"- +..., xe[-11].
Aa arctg(x) £1+x2 3t Y -1

3amMeTuM, 4TO NMPOU3BOAHAS MPEICTABISIETCS CTENEHHBIM PSIOM Ha UH-
TepBajie (-1,1), a cama QyHKIMS — HA OTpe3Ke [-1,1].
B cuny TeopeMbl eIMHCTBEHHOCTH UMEEM

f (2n+1) (0) _ (_1)n L . (2n +1)!: (—1)n+l ; (Zn)! , f (2n) (0)=0.
2n+1

3. [IpumeHeHue TeOpuM pPsiJioB

PaCCMOTpI/IM Pa3IUYHbIC ITPUMCPBI IPUMCHCHUA CTCIICHHBIX PAHO0B.

Ipubnuscennvie gvluucieHus 3HAUEHUN QYHKYULL

Ilpumep. BoancanuTh 3/2 ¢ ToYHOCTBIO JI0 5 3HAKOB IMOCJIE 3aIISITOM.
Pewenue. JIns pemieHus 3a1adud BOCIOIb3yeMCsl TAOJIUMYHBIM pa3jioKe-

aueM Gy (1+ X)“ mpu o = % :

1.(1_1j

33 ).,
+ —
2 3 37 9 8l

3 128 125 3 5 1 1 1
T e e [ R =+ == |
64 125 4 V125 4 125 4 125 (125)° 75-(125)

[TocnenHee BBIMMCAHHOE CllaraeéMo€ 3TOW CyMMBbI MEHble, yem 107°,
Kpome Toro, rmomaydeHHbI YUCIOBOU s SBISETCS 3HAKOUEPENYIOIIMMCS Psi-
nom JleliOHMIa, MOATOMY OLIMOKA MPHU 3aMEHE CYMMBI psiJja Ha YaCTHYHYIO
CYMMYy H€ IMpPEBOCXOJIUT IO MOIYJIIO IEPBOIO OTOPOIIEHHOIO WIEHAa pPsja.
3HAYUT, JIsI JOCTHXKEHUS 33JaHHOM TOYHOCTH JOCTAaTOYHO YYECTh MEPBBIC

TPH WieHa psia: Y2 ~ %(1+ 0,008 -0,000064) =1,25992 .

3 1
1+x)® :1+§x+

5 [128 _5

Hpuéﬂuofceuubze 6bIUUC/ICHUS 3HAYCHUIL
0npe0eﬂeuub1x unmezpaiios

IlIpumep. BeIYUCIUTD € TOYHOCTBIO /10 3 3HAKOB IOCJIE 3asTOU
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arctg (x) dx
X

o'-—.[\)“a

Pewenue. Bocnonb3dyeMcs MOIYYEHHBIM pasioKeHUEM (DYHKIIUU
arctg (x) B paa Maxkiiopena

1
P_1 1 1 1 .
2 2032 25.52 Q7.7
[Tonyuen 3Hakouepenyrommiics psia JleiOHuIa, MOCeHee BBITUCAH-
HOE cllaraeMoe MeHbine, yeM 107°. OtOpachIBasi 3TO cliaraeMoe, MOIyYuM
NpUOIMKEHHOE 3HAUYCHHE UHTErpalia ¢ 3aJaHHON TOUHOCTHIO

arctg () 4y ~ 0,5-0,01389 +0,00125 ~ 0,487
X

O V|

Botuucnenue npeoejza nocneooeamenbHOCMU

Teopus psI0B UCIIOIB3YETCA B TEOPUU MTOCIIEI0BATEIBHOCTEN.

n

Ilpumep. Jlokazatp, 4To lim
e [3n)]

0 n

Pewenue. CoctaBuM pag Y.

n=1 [(Sn) I] .

I[J'IH HN3yUCHUA CI'o CXOOAUMOCTHU

npuMeHuM npu3Hak [lamambepa:

. X gr. (N+DOP[EMY] s (n+1) (n+1j":
lim 2 =lim " g M Goa@En s 2@En+3)

n+1
— =e-0=0<1.
=lim ( j M e @+ 2)
[To mpu3zHaky I[anaMGepa P CXOOUTCS U, CIIENOBATENBHO,

n’
lim x. =lim 3.5, =

n—o n—o0

Buviuucnenue 3nauenun npouzeo0noul hynKyuu 6 mouke

Eciu ¢ynkuus f(x) mnpencraBuMa Ha HEKOTOPOM HHTEPBAJNE C

LIEHTPOM B TOYKE X, CTCICHHBIM PSIOM: f(x):Zan(x—xo)”, TO JTOT Psn
n=0

aBiseTcs psagom Teiinmopa 3Toi PyHKIIMU MO TeopeMe eUHCTBEHHOCTH. [Ipu



fM(x . .
3TOM a, :(10)' Torma mias HaxOXIEHWS 3HAYCHHS N-OH IPOM3BOIHOM
n!

(YHKIIUM B TOUKE X, UCIIONb3yeTcs (hopMyIia f™M(x,)=a, -nl,
Ilpumep. Haiftu mnpous3BOgHYI0 N -TO TopsAaka i (yHKIUU
f) =2 Xnpu X, =0, n=6 u n=99.
X

Pewenue. Pazmoxum Pyskmuio  f(x) = SIZX B psan Teinopa B
OKPECTHOCTH TOYKH X, =0
sinx 1 . 1 X x° X x> x* x°
——="sinx="(Xx-"—+—-—-—+.)=1-—+ " ——+
X X X 3 5 7 3 5 7
1 1
Koaddurmment a, :—;, rae f©(0)= _ﬁ&: - Koadunmentst mpu

HEUETHBLIX CTENEHSAX X B JAHHOM Pa3lIOKEHHU PaBHBI HYIIO, B YACTHOCTH
99
ay, =0 u, Torma f©%(0)=0.

Ilpumenenue meopuu paooe K peuieHuI0 JTUHEHHbIX
ouggepenyuanvrvix ypaenenuil

OmuuM W3 METOJIOB PEIICHHS JUMHEHWHBIX AuddepeHuanIbHbIX
ypaBHEHUN C TEPEeMEHHBIMUA KOd(DPUIIMEHTaMu SBISETCS MPUMEHEHHUE
TEOpUHu pPAAOB. JlaHHBIA METOJ MCIIOJB3YET H3BECTHOE YTBEPKICHHUE W3
Teopun TUdPepeHINATBHBIX YPaBHEHUM.

Teopema. Ecimu Bce koddduIMEeHTH! W TpaBas YacTh JHUHEHHOTO
nudpepeHnanTbHOTO YpaBHEHUS N-20 MOPsIIKa

(m) (n-1) —
y" +a(yn T et a,()y = (%)
pasziararoTcs B CTEIEHHbIE Pl B HEKOTOPOM OKPECTHOCTH TOUKH X,,
TO  peuieHue y(X) sToro  nud@epeHIraIbHOIO0  ypaBHEHUS,

ynosnerBopsomero yenosusaM  Y(X) =Ay, V' (X)=A . Y (%) =A 4,

makoice paznasaemcsi 8 CMeneHHoU psio0 8 YKa3aHHOU OKPECMHOCMU.
: 1

Ipumep. Pemuth 3amauy Ko y'=y* +x°, y(0) = 5
Pewenue. TloncraBuM B ypaBHEHHE Y'=Yy’+Xx® HadaJbHBIC YCIIOBHSI.

Torma y'(0)= yz(O):%. Haitpem BTOpyX0O TPOM3BOAHYIO, IPUMEHSA

muddepeHIMpoBaHie  HESIBHOW  (DYHKIIMH y"'=2yy'+3x*.  Torma
11 1
"(0)=2y(0)-y'(0)=2-=- ===
y'(0)=2y(0)-y(0)=2-5-=7

AHajornyso,
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y'"'=2(y)" +2yy"+6x,
Y (0) = 2(y'(0))* +2y(0)- y'(0) =25 +2- -2 = = 4 2
4 2 4 16 4 16
y@ =4y y 2y y 2y 6 =6y Y 2y '+6

y(4)(0)ZGY'(O)'Y"(O)+2)’(O)‘Y"'(0)+6=6-i‘11+2é~:+6 6,8 . 62

2

:E+6:§+6:E U T.AO.
16 4 4

ITocKOJIBKY pellIeHre YpaBHEHUS HUILEM B BUJIE PAaA

" (4
09 =y@ +y@x+ LDy O e YOy,

TO, MOJCTABIISAS HAWJEHHBIE KO3(PPUIUEHTHI, TOTYYUM OTBET

1 1 1, 3 5 271
y(X)= =+ - X+ X° + X+ X" +..=
2 4 4.2 8-3 4.4
Lttt O gy

2 4 8 32

OOpatuM BHHMaHHUE Ha TO, YTO HCXOAHOE au(depeHITnaIbHOE
YpaBHEHHE HE pelIaeTcs B KBaAparypax. B mpumepe npuBeaeH oauH U3 IBYX
METOJO0B pelIeHus 3a1a4i Komu ¢ mOMOILBIO TEOPHUH PSIOB.

4. Paabl @ypbe

[Ipu peuieHMn MHOTHX TEXHUYECKUX 3aJa4 MPUXOAUTCS UMETH JIENIO C
MEPUOIMYECKUMH TPOIIECCaAMU, JJII OMUCAHUSI KOTOPBIX TPEOYIOTCS MEpPHO-
nudyeckue pynkiuu. Ipocreiimeit nepuoguyeckon GyHKuMew mnepuona 2z
apisgercst QyHKOusS sin(x+«). Ilpu croxenun nepuoanueckux GyHKINANA

sin(x+¢«,), sin(2x+a,), ... , sin(NX+¢,), IEpUOABl KOTOPBIX paBHBI COOTBET-
2

CTBEHHO 27, 7, ..., — , TIOJIYYUM TIEPUOAUYECKYIO (DYHKIIUIO C TIEPUOJIOM 27 .
n

EcTecTBeHHO BO3HHMKAET OOpATHBIN BOMPOC: MOXKHO JIM 33JaHHYIO MEePUOJIH-
yeckyro (GyHKIH0 f(X) ¢ mepuoaoM 27 TMPEACTaBUTh B BHJIE CyMMBbI KOHEU-
HOTO WM OECKOHEYHOTO YKCIia MPOCTEUINX MEPUOIUIECKUX PYHKIMM BUAA
sin(nx+«,,) :

f(x)= Ab+iAjsin(nx+an) ?

[TocTostHHOE craraemoe A, MOXKHO CUUTATh NEPUOJUUYECKON (DyHKIIMEH
C JIFOOBIM MEPHOJIOM, B TOM YHCJIE U C IEPUOJOM 27 .



B mexanuke QyHkius sin(nX+c«,) OMHCBHIBACT MPOCTEHIIECE TapMOHHU-
yeckoe KosiebarenpbHoe ABMmxeHue. [Ipencrapnenue nepuoanyeckoi GQyHKuuu
f(x) B BUAE CyMMbl INPOCTEUIIUX IMEPUOAMYECKUX (PYHKIMI MOXKHO pac-
CMaTpHUBaTh KaK pasJIoKEHUE CIOKHOIO KoJeOaHUsl Ha OTAEJIbHbIE TApMOHU-
yeckue koseOanus. OyHKUUUA BUJa Sin(NX+c,), BXOISAIIME B COCTaB Paszio-
KEHHUST mepuoanueckoil ¢GyHkiuu f(x), Ha3pIBAIOTCS TAPMOHHYECKUMHU CO-
CTaBJIAIOIIKUMU 3TON (PYHKUIMU WK MPOCTO rapMoHuKamu. [lonp3ysichs Tpuro-
HOMETPUUYECKUM TOXKJIECTBOM Sin(NX + ¢, ) =Sin ¢, - COSNX +COS ¢, -Sinhx, U 000-
3Hauasg A -sing, =a,, A, -Cosq, =b, paznoxeHre NepuoauIeckoil GyHKIUN
f (X) MOXKHO II€penucaTh B BUIE

f(x)= A+ > (a,cosnx+b, sinnx) . (1)

n=1
Tpuzonomempuueckuii pao @ypve. Korgpgpuuuenmor Qypove

[Tycts dynkums f(x) ompeneneHa Ha BCEW YUCIOBOW OCH, IEPUOJUYHA
C NEPHOJOM 27 W SIBISETCS HENPEPHIBHOM MM KyCOYHO-HEIPEPHIBHOM Ha
orpeske [-z,z|. HamomHuM, dYTO0 (QYHKIHMS Ha3BIBAETCS KyCOYHO-
HEIIPEPBIBHOM HA OTPE3KE, €CJIM OHA HENPEPBIBHA BO BCEX TOYKAX 3TOrO OT-
pe3Ka 3a UCKJIIFOUEHUEM KOHEUHOT'O YHCiia TOYEK, B KOTOPBIX (PYHKIIUS TEPIUT
pa3peIB IEPBOrO poAad, T.€. B 3TUX TOYKAX CYIIECTBYIOT KOHEUHBIE OJJTHOCTO-
pOHHME Tpeaenbl (GYHKIMH, HE paBHbIE IPYT APYTY.

[Ipennomnaras, yto f(x) MpPEACTaBISETCS B BUIAE CYMMbI IMPOCTEUIIINX
TPUTOHOMETpHUUECKUX (PYHKIUH, Hailnem kod3pduuuentsl psna (1). C atoi
1IENIBI0 IPOMHTETpUpyeM 0be uacTu paseHcTsa (1) Ha orpeske [-7, 7], 4TO
OIPaBJIaHO, HALIPUMED, B CIIy4ae paBHOMEPHON CXOAUMOCTH Ha 3TOM OTPE3KE
GYHKIIMOHATIBLHOTO Psijia, CTOSIIETO B IpaBoil yactu paBeHcTBa (1). Bocmoms-

cos(nx)

=0.

-

,, .
sin(nx
3yeMCs TEM, UTO jcos(nx)dx = sin(nx)
n

-

Torna If(x)dx: A, -2z, OoTKyma A, :Zij.f(x)dx.
- 7Z.—7r

=0, jsin(nx)dx =—

-

Jlist BeruuciaeHus: Ko3pHUIIMEHTOB a, YMHOXHUM 00€ 4acTH PaBEHCTBA
(1) Ha cOSNX ¥ IPOMHTErPUpPYEM Ha OTpe3Ke [- 7, ). I1oab3ysach TeM, uTo
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Icos(kx) -cos(nx)dx=0, ecau k=n, jsin(kx) -cos(nx)dx =0, JUIA
T, 1+ cos(2nx)
TOOBIX Kk wW n, Icos (nx)dx = J.fdx =x, eclii n=0, MOIy4YnuM

- -

I f (x)cos(nx)dx=7-a,,
OTKyJa a, = EJ. f (x)cos(nx)dx, (N =212,3,...).
7 -

AHasiorudHo b, = ij f(x)sin(nx)dx, (Nn=212,3,...).
4 -
Uto6el dopmynsl s KOAQ(PUIIMEHTOB BBITIANEIN €IUHOOOPa3HO,
0003HAUNM: a, = 2A, = 1 (RIS
4 -

Nrak, nius moboi dyHKmuu f(x), KyCOYHO-HETPEPHIBHOM Ha OTPE3Ke
[~ 7, z], MOKHO BBIYMCIUTH KO3(PPUIIMEHTHI

a,= l ]i f(x)cos(nx)dx, (n=0123,..),
4 -

(2)
b, = 1 j f(x)sin(nx)dx, (n=12,3,...),
42 -

KOTOpbIE HA3bIBAIOTCA KOdGhduyuenmamu Pypve 310l GyHKLUHUH, U T1O-

CTaBUTh B COOTBETCTBUE ITOU (DYHKLIMH PsJI
£(x) —>8;J+ 3" (a, cos(nx) + b, sin(nx)) , (3)
n=1

KOTOPBIA HA3bIBACTCSl mpucoHomempuyeckum psaoom Dypve 3TOU
byHKIUU.

Onpedenenue. Cucrema QyHKIMMA

1, cos X, sin X, cos(2x), sin(2x), ..., cos(nx), sin(nx), ... ,

Ha OCHOBE KOTOPOU ITOCTPOEH TPUTOHOMETPUYECKUH psia Pypbe, Ha3bI-
BAETCS OCHOBHOU MPUSOHOMEMPULECKOU CUCTEMON (QYHKIIUM.

Dra cucTeMa Ha OTpe3Ke [, 7] 001amaeT CBOMCTBOM OPTOrOHAILHO-
CTH: MHTErpaj OT MPOM3BEACHUS JIIOObIX ABYX (YHKIUI 3TOH cuCTeMbl Ha
oTpeske [, 7] paBeH HyIIHO.

Cxooumocms paoa Dypuve
[Ipeanonaras, yto GyHkuus f(x) sBIAETCS KYCOYHO-HEMPEPHIBHON Ha

oTpesKe [-7, ], HocTaBuM 3TOM (PYHKIMHU B COOTBETCTBUE €€ TPUTOHOMETPH-
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yeckuid psag Oypee. [penmnonoxum teneps, YTo GYHKIUS SBISETCS KYCOYHO-
nuddepeHmpyeMoii Ha OTpe3ke |-z, z|. DTO 0O3HAYAET, OTPE30K [-7, 7]
MOKHO Pa3JeINTh Ha KOHEYHOE YUCJIO OTPE3KOB, BHYTPU KOTOPHIX (DYHKITHS
muddepeHnupyema, a Ha KOHIIAX OTPE3KOB UMEET HE TOJIHKO KOHEYHBIC TIpe-
JIEJIbHBIE 3HAYEHUSA, HO U OQHOCTOPOHHUE MPOU3BOAHLIE IIPU YCIOBUU 3aMe-
HBI Ha KOHIIAX 3THX OTPE3KOB 3HAYCHUH (HYHKIIMHM Ha COOTBETCTBYIOIIHE TIPE-
JIEJIbHBIE 3HAYECHHUS.

Teopema Jlupuxie yCTaHABIMBAET YCIOBUS CXOAUMOCTU TPUTOHOMET-
pudeckoro psga Oypbe U CBsA3b MEXKAY 3HAUCHHEM caMOil (DYHKIIMU U CyM-
Moi1 ee TpuronoMmerpudeckoro psajga Oypne. Chopmynupyem teopemy lupu-
xJie 06e3 JokazarenbcTBa. B (hopMynmupoBKe TEOpEMbI HCIIOIb3YEM BBIpaXKe-
Husa f(x,—0) u f(x,+0) a1 0o003HAYEHUSI OJJHOCTOPOHHUX MPEEIoB QyHK-

nuu  f(x) OpH YCIOBHHM, YTO X CTPEMHUTICS K X, CJIC€Ba M CIIpaBa COOTBET-
CTBEHHO.

Teopema Jlupuxne. Ilycts dyHkums f(x) ompeneneHa W KyCOYHO-
nudepenmpyemMa Ha OTpe3ke [-z, z]. Torma TPUTOHOMETPUYECKHMH P
Dypbe 3TOM (YHKIUM CXOOMTCSA B KaXIOW TOYKE OTpe3Ka -7, 7], U cymMma
S(X) 3TOro psna yAOBJIETBOPSET CIACAYIOUIUM YCIOBUSAM.

1) S(x,) = f(X,) BO Bcex TOYKaxX WMHTEpBala (—r; ), B KOTOPBIX f(X)

HEIPEPHIBHA.

2) S(x,) = %(f (%, —0)+ f (%, +0)) BO BCEX TOYKAX paspbiBa QyHKIHH.

3) S(x) = S(-7) :%(f(—ﬂ+0)+ f(z-0)).

3ameuanue. Teopema ocTaeTcs CHpaBeNJIMBON B Ciiydae, Korna (pyHK-
uust f(x) ompenercHa Ha BCEHM YHUCIOBOW OCH, SBIIAETCS MEPUOIUUYECKOU C
IIEPHOJIOM 27 W Ha OTpe3ke |-, 7| Kycouno-nudpepennmpyema. Tounee, B
ATOM Cily4yae TpuroHomeTtpuuyeckuil psa Oypbe 310 GyHKIMM CXOAUTCS Ha
BCEU YMCIIOBOM OCH, U CyMMa S(X) 3TOrO psAZia yIOBIETBOPSIET YCIOBUAM:

1) S(x,) = f(x,) BO BCEX TOUKaX MPAMOM (—o0; +0), B KOTOPHIX f(X) He-
MpephIBHA,;

2) S(x,) = %(f (% —0)+ f (X, +0)) BO BCEX TOYKAX pa3pbiBa (QYHKIIHH.
IIpumep. Paznoxuts B psan Oypee byHknuto f(x) nepuona 2z, 3a/1aH-
T, -7 <X<0,

OO0ocHOBAThL CXOIU-

HVIO ClieAyiomuM ooOpaszom  f(x) =
y AYIom p (x) {ﬂ'—x, 0<x<r.

MocTh psna Oypee. Hapucosats rpaduk cymmsl psiga Oypoe.
Pewenue. Berancium ko3 durimentsl Oypbe 310 HyHKIIMH:
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0 V.4
a, =§(In-dx+!(n—x)dx}=gn, %=%7z,
- 0

a
0

n= 1[ j’.” -cos(nx)dx +]£(;z - X)-Cos(nx)dx] _
§ - '

- iz(l—cos(nzr)) = iz(l— -D")
7n m

Ecmm n=2k - yeTHOE yncno, TO a, =a, =0.
2
z(2k +1)2
cos(nz) (-1)"
n

Eciu n=2k+1 - HEYeTHOE YUCJIIO, TO a, =y, =

b, = 1[ .Tﬂ -sin(nx)dx +j|i(7z —X) -sin(nx)dx] =
4 - 0

Tpuronomerprnueckuit panx dyppe S(x), COOTBETCTBYIOIIMNA JaHHON

(GyHKLIHU, UMEET BUJT

f(x) > S(x) :jﬂ+§(

1? 32 52
( ) sin2x  sin3x j
—|sinx— + —
2 3

ITockonbKy AaHHas (pyHKIUS HEIPEPHIBHA BO BCEX BHYTPEHHUX TOUKAX
oTpeska |-z, x|, To cormacHo Teopeme JlMpHXie IS BCEX X € (—7, 7) MMEET

COSX COS3X CoSb5x
+ + +... |-

MecTO paBeHCTBO f(X) =S(x). Hampumep, monaras x =0, momyunm

3 2 1 1 e 1 72
T =—7+— 1+—2+—2+... )50 E > = .
4 3 5 2k +1) 8

7T k=0

Ha xonmax orpeska [-z,z] cymma psama ®yppe mMeeT cremyromee
3HAYECHHE:

S(+7) :%(f(—ﬂ+0)+ f(ﬂ—O)):%ﬂ.
Ha pucynke nokazansl rpaguku GyHkiuu f(x) ¥ cymMmmbl S(x) ee psna
Dypse.
Ax) ,

b

NN N N

L
-~

-3z =27 -7 0 m 2n an 4n Sn




S(X) &

\ \ X
2n 2n E Sn

Cxooumocms 6 cpeonem paoa @ypuve. Ilycte bynkmus f(x) ompene-
JIeHa Ha OTpe3Ke [a, b], ¥ craBuTCsA 3a7aua 0 HAUITyYIIEM IIPUOIMKEHUH STOM
GYyHKIMA C TIOMOIIBI0 APYrod (PyHKIMU ¢(X) U3 OMpeesIeHHOTO Kiacca

(GyHKUHNA, OPEIETICHHBIX Ha 3TOM ke oTpe3ke. Eciu TpeOyercs o0ecreunThb
0JIM30CTh (PYHKIMKA BO BCEX TOUKAX OTpPE3Ka, TO B KAUECTBE KpUTEpUs OJIU30-

CTU pacCMaTpUBaeTCsl BEJIWYWHA, paBHas rrga%(]|f(x)—g(x)|, U GQyHKIUSA g(X)
xela,

BBIOMpaeTCs Tak, YTOOBI 3Ta BEeJIWYMHA NIPUHUMAIa HAMMEHBIIIEE BO3MOYKHOE
3HaueHue. B 3ToM ciyuae obecrieurBaeTCs paBHOMEpHAs HAa BCEM OTPE3Ke
05M30CTh DYHKITHIA.

Ecau Tpebyercs obecrieunth OMM30CTh (DYHKIMH Ha OTPE3KE B CPE/I-

HCM, TO B KA4YCCTBC KPHUTCPHU: O0M30CcTH pacCMaTpuBarOT BCINYNHY, PAaBHYIO
b

[(£(x)-g(x))dx.

a
JIns MOCTHKEHUSl HaWydlllero NpuOJIMKeHHUs B cCpeaHeM Tpedyercs
MUHUMU3UPOBATH 3Ty BEIUUYUHY.
Iycts Gpynkuus f(x) Kycouno-auddepeHuupyema Ha oTpeske |-z, z].
Torma cormacHo teopeme {upuxiie TpUrOHOMETpUYECKUN psa Dypbe 3TOU
(GyYHKIIUU BO BCEX TOUKAX HEMPEPHIBHOCTU CXOJIUTCS K 3TON PyHKIMH. MOX-

HO TI0Ka3aTh, YTO BEJIMYHHA J, = J.(f(x)—Sn(x))zdx, XapaKTEPU3YIOIas OT-

-7
KIIOHEHHE B CPEIHEM YaCTHYHOM CyMMBI S, (X) TPHTOHOMETPHYECKOTO psia
®ypbe or Kycouno-auddepennupyemoii Gpynkuun f(x) Ha orpeske |-z, 7],
CTPEMUTCS K HYJIIO IPH N —> 0 lims, =0.

n—o0

DTO 03HAYAET, YTO TPUTOHOMETpUUYECKUM psag Pypbe CXOAUTCS B Cpel-
HEM Ha OTpe3Ke |-z, 7| Kk cBoeil cymme, a koddpuumenTsl Dypre QpyHKIUM

f(X) yZ1OBIETBOPSIOT PABEHCTBY

2 Vg

ao = 2 2 1 2

— a“+b")=—|f°(x)dx,
OGS R IO

KOTOpOE Ha3bIBaeTCs pasencmeom llapcesans.
PasenctBo IlapceBans siBisiercs anaigorom TeopeMsl [ludaropa B Gec-
KOHEYHO-MEPHOM MPOCTPAHCTBE (PYHKITHI, KyCOUHO-TUDDEepEeHITUPYyEMbIX Ha
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oTpeske [-z, z|. JIeHCTBUTENBHO, €CIIM CUMTATh, YTO KBAAPaT «IIMHEI (YHK-

T
2
OHUHU» B 3TOM IIPOCTPAHCTBC PABCH I f (X)dX’ 49TO OCHOBHAsA TPHUI'OHOMCTPH-

-
yeckasi cuctema (DyHKUIUN sBIsSieTCss 0a3McOM 3TOrO IPOCTPAHCTBA, a Psf
®dypbe — pazioxeHHeM (QYHKIMH 10 3TOMY 0a3HcCy, TO COTJIACHO PaBEHCTBY
[TapceBans kBapaT «UIMHBI GYHKIIUU» PABEH CyMME KBaJpaToOB €€ KOOPIH-
HaT.
B uwactHoM cnydae, korga (yHkmus f(x) HeEMpepblBHA Ha OTpE3Ke

[- 7, z] ¥ MMeeT KycOYHO-HENPEPHIBHYIO IPOM3BOAHYIO HA 3TOM OTPE3KE, TO

€€ TPUTOHOMETpHUUECKUU pAl Dypbe CXOAUTCS BO BCEX TOUKAX 3TOTO OTPE3KA
K pyHKIMU f(X), IpUYeM paBHOMEPHO.

Ilpeocmaesnenue paoom Pypve ynkyuu
nPoOU3601bHO20 NEPUOOA

[ycte QyHkuus f(x) ompeneneHa u KycouHo-nupdepeHnupyema Ha
orpeske [-1,1], mmu f(x) ompenmenena Ha Bcel YMCIOBON OCH, MEPUOIMYHA C
nepuogoM 2l u Kycouno-mupdepenuupyema na orpeske [-1,1]. Cnenas 3a-

MEHY IIEPEMEHHON X = tl—, noayuuM f(x) = f(tlj =g(t).
T T

Ecmu ¢pynkius f(x) Gbuia onmpeneneHa Ha oTpeske [-1, 1], To QpyHkus
g(t) ompeneneHa Ha OTPe3Ke [—z, 7| ¥ yIOBIETBOPSAET HA ATOM OTPE3KE yCIIO-
BUsIM TeopeMbl Jlupuxie. PacknagwiBas B psag Oypee ¢pyHkuuio g(t) 1 BO3-

Bpallasch K UCXOJHOW (YHKIIMH, MOJIYYUM Ul HEE CIEAYIoIee MpeacTaBie-
Hue psaaom Oypee

f (x) —>%+i(an cos@+bnsin@], 4)

n=1

KO3 PUIIMEHTHI KOTOPOTO BBIYUCIAIOTCA 10 (hopMyam

|
a, =%jf(x)cos@dx, (n=0, 1, 2, 3,..),
-

()
|
b, =I}j f (x)sin@dx, (N=123,.).
|
Teopema [Iupuxsie ocTtaeTcs B CWIE C TOW JIMIIb PA3HULIEH, 4TO B CIIy-

yae IPOM3BONBHOIO OTpe3ka [—I, 1] TOYKM Xx=+7 3aMEHSIOTCA HA TOYKH
X==l:

S =S(-) :%(f(—l +0)+ f (1-0)).
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2

Pasenctso [lapceBans npuHuMaeT BUj I f2(x)dx = 7 + Z(a +b, %).
n=1

Pao @ypove 0151 uemHvlx u HeYeMHBIX YHKYUIL

Jlerko yOenuThCS B TOM, YTO €CIHM KYyCOYHO-HENpepbiBHAS (YHKIIUS
f (x), onpeneneHHas Ha OTPE3KeE [—I, I], SIBJISICTCSI YETHOM, TO

| 0 | |

j f (x)dx = j f (x)dx+j f (x)dx = 2j f (x)dX .

a - 0 0
JIeCTBUTENBHO, CAETAB 3aMEHY t = —X, BBIYUCIUM

0 0 | |

[ £09dx == f(=tydt = [ f )t = [ f (x)dx.

-l | 0 0

AHaJOTUYHO YCTAaHABIUBAETCS, YTO B ClIydyae HeUeTHOM QPyHKIuu f(X)

j f (x)dx = } f (x)dx+j' f (x)dx = -f f(~t)dt +Ij f(x)dx = —Ij f (t)dt +Ij f(t)dt =0

[Ipeanonoxum Ttemepb, 4TO KycodHO-mupdepeHuupyemas (QyHKIUS
f (x), onpenenenHas Ha orpeske [-1, 1], aBnsercs gyernoii. Torga npoussee-

7nX . .
HUE f(x)cosl— TaKKe SBIACTCS YETHOM (YHKIMEH, a IPOU3BEACHUE

) . .
f (x)sin — - HEICTHOL. Boruucnum ko3ppunrentsr ypre yeTHON QyHKIIHH:

j (x)cos—dx——jf(x)cos@dx, (n=0,1 2, 3..),

b, =ij(x)sin@dx=o, (n=1 2, 3..).

Takum 00pazoM, TpUroHOMeTpuUeckuil psin Pypee uemnou HyHKIHH

- X
COZIEPIKUT TOJIBKO KOCUHYCHI: f (X) —>% + > a, cos e

n=1
2

a paBeHCTBO [lapceBaiis npuodperaer BUj j f2(x)dx = a? + Z a,
n=1

Eciu  ¢ynkuua f(x) sBiusercss HeuemHou, TO TPOU3BEIACHUE

7nx . .
f(Xx)cos—— Takke SBISETCS HEUETHOW (QYyHKIMEH, a MPOU3BEICHUE

. 7nX . .
f (x)sin — - HeTHOM. Boeraucium ko durinentst Oyphe HedeTHON HYHKIINN:
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|
a, :I}jf(x)cos@dx:o, (n=0,1 2, 3..),
.

I |
b, :%jf(x)sinﬁdx%jf(x)sin@dx, (n=1 2, 3..).
| 0

Tpuronomerpuueckuit psg Dypbe HeueTHOW (QYHKIUU COACPIKHUT

S ¢
TOJIBKO CUHYCBHI: f (X) —>an sin T

n=1

| o
a paBeHcTBO [lapceBans nmpuodperaeT BUI %j f2(x)dx = be .
0 n=1

Paznooscenue pynkuuil, 3a0annvix Ha noaynepuooe, 6 psao @ypve
MOJIbKO NO KOCUHYCAM UJIU MOSIbKO NO CUHYCAM

Ilycte pynkums f(x) ompeaeneHa u KycouHo-auddepeHimpyema Ha
orpeske [0, 1]. XKenas monydnTs pasnoxkenue 5Toil pyHKUuH B pag Dypse,
JIOOTIPEIEINM €€ Ha IPOMEXKYTKE [, 0) IPOU3BOILHBIM 06pa30M, COXpaHss
JTuib TpeOoBaHUE KycOuHOU nuddepeHuupyeMocT. ITO JaeT BO3MOXKHOCTh
NOJIy4aTh Pa3IUYHbIEC PA3JIOKEHUS OJHON U TOM k€ (PYHKLUHUHU B TPUTOHOMET-
pudeckue psagsl Dypee Ha otpeske [0, 1].

Ecnu onpenenss (pyHKIUIO HAa IpoMexyTke [—I, 0), OymeM monarars,
1o f(—x) = f(x) g BceX XE(O, I], TO TIOJIYYUM YETHYIO (PYHKIUIO, TPUTO-
HOMETpUUYECKU psal Pypbe KOTOpOH OyIeT coliepKaTh TOJbKO KOCUHYCHI.

Ecnu onpenenss (pyHKIUIO Ha MpoMexyTke [-1,0), OymeM momarars,
q10 f(—X)=—f(X) oI BCEX X e (0, I], TO MOJYYUM HEYETHYIO (PYHKIUIO, TPH-
roHoMeTrpudeckuit psii @ypbe KoTopoi OyieT copepx aTh TOIBKO CUHYCHI.

Ipumep. Paznoxuts Gpynkuuio f(x) =3-x, 3a1aHHyI0 Ha oTpe3ke [0, 3]
B TPUTOHOMETPUYECKUH psax Pypbe IO KOCUHYCaM M B TPUTOHOMETPUYECKUI
psan ®ypse no cunycam. OOOCHOBaTH CXOAUMOCTh Kaxaoro psaa dDypbe.
HapucoBats rpaduku cyMmbl 11t Kaxaoro psjaa Oypse.

Pewenue.

1) Paznooicenue no kocunycam

Jloonpenenum Qynkmuio f(x) Ha npoMexyTke [-3,0) 4eTHbIM obpa-
30M U IPOJOJIKMM €€ Ha BCIO YHCIIOBYIO OCh KaK IEPUOAUYECKYIO C IIEpUO-
JIOM, PaBHBIM 6.




f(X) Y

VAVANVANY,

-9 -6 -3 1] 3 6 9 X

Boruncnum koaddurmentsr Oypbe 31oit QpyHKIMU:

| w

a
aO:—.[(B X)dx =3, ?OZZ

=—I(3 X) - cos—dx_Z B-=x)- 3. sm%
3 3 nz 3

3% . nax J
+— | sin——dx
o Nmy 3

:i.[_ij.cos% 5 2(1 cosnr) = ( (1))
nrz

0

0, eciu N = 2k—uemnoettu0ﬂ0, k= 1,2,3,... ,

——————, ecmu N=2K+1-nevemnoeuucno, k =0123,....
(2k +1)%7

Tak kak paccmaTpuBaeMas (PYHKIUS SIBJIIETCS HENPEPHIBHOM BCIOY,
TO CyMMa €€ TPUTOHOMETpHUECKoro psga Oypre paBHa JaHHOW (DYHKIMH PU

M
Bcex X f(x) :E _222
2 7o (2 +1)
[Tonaras B 3TOM paBeHCTBE X =0, MOJTy4UM

0 2

3-3 22—1 WIIH Z—l 5 =T

2 22 E(2k+1)? < (2k+1)° 8

Beimuiiem s 3Toro pasnoxenus paBeHCTBO [lapceBans. C stoil we-

JIbIO BBIYUCJIMM HHTCTpAJI

3 _\3 3
EJ'(3_X)2dx=2.—(X 1 -2 27-s.
33 3 3 | 9
Pasenctso [lapceBass npuHumaeT BUg
9 144 1 - 1 ~*
6= , OTKyJa —_— =,
2 ; (2k +1)* YA kZ:(; 2k +D)* 96

Wtak, ¢ moMONIbI0 pa3noKeHU GyHKUIUNA B TPUTOHOMETPUYECKUE Psi-
161 Dypbe, MOYKHO I10JIy4aTh 3HAYEHUSI CYMM HEKOTOPBIX YHCIIOBBIX PSJIOB.

2) Pasznooicenue no CUHYyCcam
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. Nz .
sin— =sin
2

71
Joonpenenum GyHkuio f(x) Ha IPOMEKYTKE [-3, 0) HeueTHBIM 00pa-
30M, U3MEHUM 3HaueHue QyHKIUU npu X =0, monaras f(0)=0 U MPOJOIKUM
€€ Ha BCIO YMCJIOBYIO OCh KaK EPHOJUYECKYIO C TIEPHUOJOM, PABHBIM 6.
_f(X) '

NN NN
NN

CornacHo Tteopeme J[lupuxiie cyMMa TPUTOHOMETPUYECKOTO psiaa

®ypre Takoil (QyHKuuMM Oyner paBHa (yHKIMH HpU Bcex X. Bpramcaum
ko3 purenTsr Pypbe 37O PyHKIUU:

3
bnzgj(s—x)-sin”ﬁdx:
3 3

:E (3—X)'(—3J'C05nﬂx _i Cosﬁdx =
3 nz 3|, nhry
3
:g- i——zgz'slnn_ :i, n 11213!
3{nrz 3 nx
. Nax
6 = Sin— - 3
f(x)_—-z n3 . Ionaras B 3TOM popmyiie X=E,H0J'IyIH/IM
T a1
in T
8 652
2 7% n

Y4yuteiBas, 4to sin7 =sinkz =0, ectu n=2k - 4YETHOE YHUCIIO U YTO

@ = sin(% + zzkj =(-1*, ecmu n=2k+1 - HEUETHOE YHCIIO, TTE-

o R
pENUILIEM ITOJIyYE€HHBIN PE3YyJIbTAT B BUJE: u =

okl 4



5. Uaterpana ®@ypnbe

[lycts nuddepennmpyemas ¢pynkuusa f(x) 3amaHa Ha BCEM YHMCIOBOMN
npsMO U He siBNsieTcs nepuoaudeckoil. [Ipeanonoxum, uro f(x) abcotoT-

HO UHTETpUpYyEMa, T. €. j [(f(x)dx=M <.
Paznoxum f(x) B psag @ypbe Ha otpeske [-1,1]

f(X) =a—2°+iak cos(@, X) +b, sin(w, x) . (1)

31ech o, =7Z|k—, a ko3(ppunueHTs onpenenstores no Gopmyne Dinepa-

dypre
1 1 1
8 =7 [fod, a = [f®cos(@bdt, b, = [f®sin(@ndt.  (2)
- | J
[ToacTasnsist 3Tv 3HaYeHus B psia (1), momyuum

F(x) = %Ij £ (O)dt + I}ilj £ (t)[cos(@,t) cos(a,x) + sin(@,t)sin(a, x) it =

k=1_|
1 I 1& |
:E.[f(t)duikz_;.[lf(t)cosa)k(t—x). (3)
[lepeiinem B ’TOM paBEHCTBE K Ipeaeny npu | — .

ITepBoe cnaraemoe B mpaBoil yactu (3) cTpeMUTCs K HYJIIO Tpu | — oo,
MOCKOJIbKY

1 1 M

— | f@)dt <= ||f (t)dt < —

2|_JI ® 2|_I,| T

Bropoe cnaraemoe B paBoil yacTH (3) MOKHO paccMaTpUBaTh Kak WH-

—0.

TErpAJIbHYIO CYMMY I HHTETpajia jg(ﬂ,)d/l oT (yHKIHMH
0

|
g,()= lj f (t)cos A(t — x)dt , YTO MOXKHO TIOKa3aTh CIAEAYIOIIUM 00pa3oM.
T3

IlycTh A =0, :Izk, A =AA :IZ. Torma

%ij f (t)cos e (t — x)dt =%gg.(ﬂk)m-

k=1 _|

dopmanbHBIN TIpeAenbHbIN niepexon B (3) npu | — oo NPUBOIUT K pa-
BEHCTBY

F(x) = %Td/l]wf (t) cos A(t — x)dt (4)
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OTO paBEeHCTBO Ha3bIBaeTcs gopmynoti Pypve, a UHTErpall B MpaBoOil
yacTu paBeHCTBa (4) — uummezcparom @ypwve. Nnterpan dypre Oyaem 000-
3Ha4aTh uyepe3 d(x), T.€.

+00 +00

D(X) = % [da [ f(t)ycos At—x)dt.

[Tonoxum a(l) = 1 T f (t) cos(At)dt, b(A) = 1 T f (t)sin(At)dt.
T T

®opmyiy @ypbe MOKHO 3amucaTh B BUIE

f(x)= +f[a(/i) cos Ax +b(2)sin Ax[A . (5)

[Ipu Takoii ¢popme 3amucu BuaHa aHanorus ¢ psaom dypbe: npeacras-
JEHUIO0 (YHKUMHU B BUJIE€ CYMMbl TAPMOHHUYECKUX KOJI€OaHU IO HATYpaibHO-
My IIapaMeTpy COOTBETCTBYET UHTErpall 10 HENPEPBIBHOMY ITapaMeTpy.

[IpuBeneHHble paccyXaeHus, 0€3yCIIOBHO, HE SIBISIOTCS J10Ka3aTelb-
CTBOM, a CKOpEE MX HYKHO paccMaTpuBaTh KakK HEKOTOPBIE HABOALIUE CO-
oOpaxkeHus (kotopsle u npuenu Oypbe k uHTErpasIbHON hopmyiie). TouHble
(GOpMyJIMPOBKU NPUBOASTCS JAJIEE.

Dopmyna @ypve, npeoodpazosanue Pypve: 0CHOGHbIE NOHAMUA

Teopema Dypve. Ilycth GpyHKIHS f(X) MMEET Ha KaXJIOM KOHEUHOM

WMHTEpBaje He 0oJjiee KOHEUHOI0 YMCia TOYEK pa3pbiBa, U aOCOJIOTHO HUHTE-
rpupyemMa Ha Bceil npsiMoil. Torzna B kKaxkaoil Touke AuQhepeHIupyeMOoCTH
f (x) cnpaBennuBa popmyina Oypbe

F(x) = desz () cos A(r — X)dz .

B Toukax pa3pbiBa pyHKIMU f(X) MpPU YCIOBHH CYIIECTBOBAHMS OJIHO-
CTOPOHHHUX NPOU3BOJAHBIX MHTerpan dypbe paBeH cpeaHeMy apupmeruye-
CKOMY OJTHOCTOPOHHMX TpeiesioB (yHKINUU

f(x—0)+ f(x+0)
2
®opmyny @ypbe MOKHO MepenucaTh B KOMILUIEKCHOU (popme:
177, ¢ Liaax 1 ¢ Sk . F in
f(x) == f(t)dt = — f 7
(x) ﬁ.[odﬂ,.[oe (t)dt 2ﬂ£e dijwe wdt  (7)
®opmyny @ypee (7) nmpuHSITO pa30MBaTh HA JBa PABEHCTBA

AL (t)dt, (8)

(6)

L [da ] £t cos 2t —x)dt =
T 0 —0

f(i):%fe



f(x)= % j f()e™dAa. (9)

dyukius  f (1) HasbIBaeTcs npeobpazosanuem Pypve Gynkuun f (Mim
o0pasom mpeobpazoanus Dypee) u oboszHauaerca f(A)=F(f). 3mech F -
onepamop Dypve, IPUMEHAEMbII K QyHKIMH f ! F:f— f.®opmymy (9)
HA3bIBAIOT 0OpamuviM npeobpazosanuem Oypve v MALTYT

f(x)=F*(f). (10)
3ameuanue. Yacto npeobOpazoBanue Oypbe ONMpeaesaioT paBeHCTBOM
f(1)= Te‘”‘ f (t)dt, mpu sToM popmyna (9) odpatHoro npeoOpazoBaHus

dypbe npuHuMaet Bug  f(x) = Zi I f(1)e™dA.
T —o0

[IpeoOpazoBanne Dypbe Mo CyIIECTBY SBIsAETCS (HYHKIIUEH, OITUCHIBA-
IoIer aMIIuTyny U a3y Kaxjaou rapMOHUKH, COOTBETCTBYIOIICH oIpese-
JaeHHoM 4dactore. OTMETHUM, YTO MPH BHEIMIHEM cxojacTBe dopmyn (8) u (9),
OHM T10 CYIIECTBY pa3IMuHbL. [lepBas — 3TO ompenesieHune, a BTOpoe — Teope-
Mma. Kpome toro, B (9) mHTErpa MoHUMAETCS B CMBICIIC TJIAaBHOTO 3HAYCHUS,
T.C.

f(x)= lim f(1)e™dA .

A

ol
A—+o0 \/Z A
B cnyuae mepuoauueckoit ¢yukiuu f(x) paznoxkenue B psag Dypbe

V3
COCTOUT M3 OTACJIIbHBIX TAPMOHHUK C HaCTOTAMHU ), :I—n . 3aBHCHUMOCTH aM-

IUTUTYABI 3TUX TAPMOHHMK OT YaCTOTHI HA3bIBACTCS OUCKDEMHbIM AMNIUNYO-
Hoim cnekmpom GyHkuu. Ecou yHkius f(x) He SBISETCS MEPUOINIECKOMH,

TO poJib psia Dypbe urpaet unrerpan dOypwe (9), a amniumyounvim cnex-
mpom (nenpepuvienviv) HaszpiBaetcss QyHkmua A(A) = f(1)| (¢ TouHOCTBIO 10

1 . A
MHOKUTEIIS T)’ A Tipu 3TOM HasbiBaeTcs yacTtoTol. yHkuus f (1) Ha3bI-
T

BaeTCA  CHEKTpOM (CIEKTpalibHOM GyHKIMeH) curHama f(x), QyHKIus
@(2)=arg f (1) (c TOYHOCTHIO 0 3HAKA) HA3BIBACTCH PA306bIM CHEKMPOM.
Ilpumep. EMxocts C =1 ¢, UMeromas 3JIEKTPUUECKU 3apsiy =1k B
MOMEHT BpeMeHH t=0 HaYMHACT pa3psHKAThCS YEpe3 COMPOTUBIICHUE
e’, t>0

r =1 om. TOK U3MEHSETCA 1O 3aKOHY f (t) ={ 0 t<0 ' Haiitu npeobpazoBa-
, t<O.

Hue Oypre hynkuuu f(t), aMINIATYAHBIA CIIEKTP W MPEJACTAaBUTH f(t) WHTE-

rpanom dypbe B KOMITIEKCHOH (hopme.
Pewenue. TlpeobpazoBanue Oypobe

74



. i (R
f(ﬂ):i e f()dt =——— e e tdt=
N2r 7, N2 0

. +o0
_ 1 eft(lﬂfl) l 1

T2z (iA+D)|,  V2mi+id’

[TocnenHee paBEHCTBO CIPABEIUBO, OCKOJIBKY
lim e = lim e*[costA—isinti]=0.

t—+o0 t—>+o0
1

AMIUIUTYTHBINA CIEKTP A(A) = T
T

1
N
ITo popmyne ypbe B TOUKaX HEMPEPHIBHOCTH f (t), T.€. pu t =0
1 7 1 e%da
ft)=——= —
() '\/27[‘[0 27 1+i4
[Ipn t=0 uHTETpan B MpaBOM 4YacTU paBeH 1/2.

f(a)e”di= |

Humezpan Dypove 0151 yemHvlX u HeYeMHBIX QYHKUUIL.
Kocunyc- u cunyc- npeoopazosanus @ypve

®opmyny Oypbe nepenuiieM B CIEAYIOIIEM BUJIE

f(x)= deﬂTf (t)cos A(t—x)dt =
r 0 -0
_ iTcos(/lx)d/ITf (t)cos(At)ct +l+fsin(/1x)d/1+ff (t)sin(At)ct (11)
T /A

0 -0 0 —0

Cayuaii wemnou pyuxyuu. f(—x) = f(x).

[lepenumiem nepBbiii BHyTpeHHUI nHTErpan B popmyse (11) B Buze
+o0 0 +00

j f (t) cos(At)dt = j f (t) cos(At)dt + j f (t) cos(At)dt .

—0 —o0 0

B cuny uetHoctu dpyHkuuu f(x) umeeM

[ f(©)cos(atydt =2 j f (t)cos(At)dt u j f (t)sin(At)dt =0,
—o0 0 —o0
dopmyna Oypbe A1 YeTHOU PYHKIIUUA PUMET BU]T

f(x)= %Tcos(lx)d/le (t) cos(At)dt (12)

Monoxum f (1) =a(2) = \/% : ff (t) cos(At)dt (13)



Torna paBeHcTBo (12) mepenuiercs B BUIE
f(x) = F : j f (1)cos(Ax)dA . (14)
T 0

®opmyna (13) HazbBaeTcs  KocuHyc- npeobpazosaruem Pypve, a
dbopmyna (14) — obpamusim Kocunyc- npeobpazosaruem.

Cayuaii neuemnou pyukyuu: f(—x) =—1(x).
AHaJOTUYHO TPEABIIYIIEMY CIy4ar HETPYAHO MPOBEPUTH, YTO UHTE-
rpanbHas Gpopmyia Oypbe MpUMET BUT

F(x) = ETSin(Ax)lef (t)sin(At)dt . (15)
T 0 0
B 9TOM CJIy4dac paBCHCTBO
f (1) =b(4) = \E : Tf (t)sin(At)dt
T 0
(16)

OTpeeNseT MPAMOE CUHYC- npeobpazosarue Pypve, a PaBEHCTBO

f(x) = \/% jf (A)sin(Ax)dx (17)

3a/1aeT obpamHoe cuHyc- npeoopazosanue Dypoe.

Takum 00pa3oM, ©UMeeM TIOJIHYIO aHAJIOTHIO ¢ psagoM Dypbe HJId Jet-
HOU ¥ HEUeTHOHN (YHKIIUU.

Urak, popmyna Oypbe nist uemnou GyHKIIUU

f(x) = F : _[f (1) cos(Ax)dA (18)

R 2 +00
I'ne f.(1)=a(ld) = \/: : j f (t)cos(At)dt .
T 0
dopmyna Oypbe Al HeuemHou PyHKIUU

f(X) = \Eff (A)sin(Ax)dA (19)

rie  f.(2) =b(2) = \Ejf (t)sin(At)dt .

[Mycts Gynxnus f(x) ompenencHa Ha MOMynpsaMoii [0,4+0). Jloompeme-
7B (YHKIHMIO HA MHTEPBAN (—00,0] YEeTHBIM MJIM HEYETHBIM 0OPa3OM, MOIY-

yuM, 4yTo €€ uHTerpas Oypbe MOKHO NpencTaBuTh Kak B Buje (18), Tak u B
Buje (19).
IIpumep. Haittu xocunyc- mpeobpazoBanue Oypwe 1 PyHKITUU
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1 0<x<a,
f(x) :{ 0. x>a [IpencraBuTh (PyHKIHIO C TMOMONIBIO WHTErpania

dDypse.
Pewenue. Cuuras, yto f(x) IpoAoIKEHA HA BCIO IPSMYIO YETHBIM 00-

: 12 % 12 sin Ja
pa3oMm, MoJIy4rM f.(A) =4—" j cos Atdt = | < > :
Ty T A

ITo popmyne (18)  f(x)= \/% Tﬂ (1) cos(Ax)dA :%

IS'n A2 cos(Ax)dA .
A

B Touke x=0 dyukuusa f(x) (TouHee €€ YeTHOE MPOIOTKEHUE) HETIpe-

2 Fsin da
peiBHa. CremoBatensHo, f(0)=— I di.
T 0
‘sin da T
Orcroz1a, B 4aCTHOCTH, MOJIy4aeM J. P M:E‘ Takum 00pazom,

0
bopmyiy Oypbe MOKHO HUCHOJIB30BATH JIJISl BHIYUCIICHUSI HHTETPAJIOB.

6. Pemmienue ypaBHeHu s KOJICOAHMH CTPYHBI METOJA0M
Dypne

Meton @ypbe HIMPOKO HMCIHOJB3YETCS MPU PEIICHUH MHOTHX 3a7a4
MatemaTudeckou ¢puzuku. [IponuirocTpupyeM OCHOBHBIE UJIEU 3TOTO METO/Ia
Ha MpUMeEpe PEelIeHUs 3aa4u O KOJICOaHUSIX 3aKPETUICHHOU CTPYHBI.

Bbynem paccmarpuBaTh CBOOOJIHBIE, Majble, MONEPEUYHbIE KOIeOaHUs
CTPYHBI, 3aKperjieHHOW B Touke Xx=0 u x=| ocu X, C TOJOKEHHEM
paBHOBECUS BIOJb OCH X. IlycThb u(x,t)- OTKJIOHEHHWE TOYKU CTPYHBI C
abciuccoil X B MOMEHT BpeMeHH t. B MaTeMatuuecko pusuke 1j1st u3y4eHus
dbyHkuuu u(x,t), omnuceBawIme ¢(opMy CTpyHbI B MOMEHT BpPEMEHU
BBIBOJIUTCS] YPAaBHEHUE

o’u  , %
—-=a’—,, Tl a- HEKOTopas KOHCTaHTa (1)
ot OX

VpaBuenue (1) paccmarpuBaeTrcss C TpPaHUYHBIMU  YCIOBUSMH
(3aKpEIUIEHHOCTh Ha KOHI[AX)

u(0,t) =0, u(l,t)=0 (2

[lycte HawanpHas GopMa CTpPYHBI ONMHChIBaeTCA (yHKIUMEH ¢(x), a
HayajgbHas CKOpOCTh w(X), T.e. ypaBHeHwe (1) paccmarpuBaeTcs ¢
HayaJbHBIMU YCIOBUSIMU

u(x,0) = @(x),

U, (x,0) = (x), 0<x<lI

(3)
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[lIepBbii miar meroga Pypse — peHICHUE BCIIOMOTATEIIBHOW 3a1aYMu:
HalTH penienue ypaBHeHus (1) Buaa

u(x,t) = X()T (1), (4)

HE paBHOE TOXJECTBEHHO HYII0 M YJIOBJIECTBOPAIOUIEE TPaHUUHBIM
ycnoBusim (2).  Iloacrasisis (4) B (1) u pa3aensisi nepeMeHHbIE, MOTyYUM

T'() _ X"(X) 5
a’T(t) X(x) ' )

JleBast yacTh paBEHCTBA 3aBUCHUT TOJIBKO OT t, MpaBasi — TOJIBKO OT X.
OTcroia BBITEKAET, YTO 00€ YaCTH paBEHCTBAa paBHBI KOHCTaHTe. O003HAUYUM
5Ty KoHcTauTy (—A). IMomyunm 1Ba OOBIKHOBEHHBIX Au(QEpeHIHAIBHBIX
ypaBHEHUS

{T "(t) +a2AT (t) =0 (6)
X"(X)+AX(x) =0 (7)

N3 (2) cnemyer, uro mna ypaBHeHUs (7) IOJDKHBI BBITOJHSATHCS
IPAHUYHBIEC YCIOBUSA

X ()= X()=0. (8)

HalinemM cHauana HeTpuBHalIbHbIE pemieHUs (7), YIOBJIETBOPSIOLINE
TpaHUYHBIM ycioBUsAM (8). Orta 3amaya Has3bIBaeTcsl saoaueti [lImypma-
Jluysunnsa. 3HadyeHust A, IpU KOTOPBIX 3aJla4a UMEET PEIICHUs], HA3bIBAIOTCA
COOCMBEHHbIMU ~ 3HAYEeHUsAMU, a  COOTBETCTBYIOLIME  peIIeHUus  —
COOCMBEHHBIMU DYHKYUAMU.

PaccmoTtpum otaenbHO cimyyan A <0, A=0, 1>0.

1) Iyctb A =—-u?, u>0.

O6miee pemnieHue (7) 3aMChIBACTCS B BUJIE

X(x)=C,e™™ +C,e”.

I'pannunbie ycnoBus X (0) = X (1) =0 OpUBOIAT K OMHOPOJHOU CHCTEME
JIMHEVHBIX YPAaBHEHUU OTHOCUTENIBHO C, U C, C HEHYJIEBBIM OIPEICIIUTEIEM.
CnenoBarenbHo, C,=C, =0 u X(x)=0.

2) A=0.00mee pemenue (7)

X(x)=C, +C,X .

['pannuHbIE yCIOBUS MPUBOASIT K CUCTEME C, =0, C,+C,I=0.
Orcroga C, =C, =0 u, cnenoBarenbHo, X =0.

3) Ilycts A =4, 2>0. O6wee pemenue (7)

X (x) =C, cos ux + C, sin zx

I'pannuHbIC yCIIOBUSA NAIOT

0=X(0)=C,,

0= X(l)=C,cosd+C,sin g =C, sin zd.

ITockoneky C, #0, 10O sin(p-1)=0u zd =nmz, n=12,....
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CrenoBatesbHO, HETpUBHAIBHOE pemieHue 3anauun [ltypma-JlnyBusis
2
(7)-(8) BOBMOXKHO TOJIBKO TIPU A=A, =(—j , N=12,.....

OTUM  COOCTBEHHBIM 3HAYEHUSIM COOTBETCTBYIOT COOCTBEHHBIE
byHKIAHA

X, (X) =sin@, n=12,.....
[Ipu A =4, oOiiee perienne ypaBHeHus (6) 3aMuIIeTCsS B BUIE
T,() = A, cos nzat nzat .

+ B, sin
Takum oOpazom, QyHkiuu U, (X,t) = X, (X)T,(t) YIOBICTBOPAIOT

ypaBHeHUIO (1) ¥ rpaHUYHBIM yCI0BUsAM (2) mpu J10ObIX A, U B,.
B cuny nuHelHOCTH 1 OTHOPOAHOCTH ypaBHeHuUs (1) psia

u(x,t) = > u, (x,t) = Z[An cos nzlzat + B, sin mlzatjsin nm
n=1

n—1 |

(9)

B CclIydac €ro CXOOINMOCTHU u BO3MOXXHOCTHU JABAK/bI
aupdepeHIMpoBaHUs MO X M t Takke sBiserca pemeHueMm (1) wu
YIOBJIETBOPSET FPAHUYHEIM yCIOBHAM (2).

Onpenennm kodpduiestsl A U B, Tak, uYTOOBI BBIIOIHSAINCH

HavasbHble yciioBud (3). duddepenunpys pan nouseHHo, MOIyYuM

u/(x,t) = i niza [— A, sin nylzat + B, cos nTatjsinnl—ﬂX (10)
n=1

[Tonaras B (9) u (10) t=0, momyuum
P() = > A, sin 7%,

"~ (12)

v (X) = i% B, sin nTﬂx

n=1
PasenctBa (11) cyTth pasnoxkenuss GyHKUUNA ¢(X) U w(x)B panx Dypbe
1o cuHycam Ha otpeske [0, I ]. CrenoBarenbHo,

Afzfi¢oognnfxdx

2 | _((nax
B, = mza;‘;l//(x)sm(ljdx

Takum oOpazom, paBeHCTBO (9) maeT perieHue ucxoaHou 3amaun (1)-
(3), ecniu koahpureHTsr A, B, ompeaeneHbl B cooTBeTcTBHH C (12).

(12)

PaccMoTpuM yacTHBIM ciiydail KojeOaHWil CTpyHbl 0€3 HauyajabHOM
CKOPOCTH, T.€. w(x) =0. [lockonbky B, =0, umeem



u(x,t) = ZA1 cosmsm(n:zxj =

Z:A1 [sm 7 (x - at) +sin I(x+at)} ~(p(x —at) + p(x +at)).

TaKI/IM oOpa3omM, pelIeHue MPEACTaBISICTCS B BUJIE MOJYCYMMBI JABYX
pazoeraronuxcst BoJH. [lon ¢(x) 3A€Ch MOHUMAETCS MPOJOJIKEHHE UCXO0THON

(GyHKuuM, onpenensomel HadanbHy0 (opMmy Ha otpeske [0,1], cHawama —
HeueTHoe Ha [-1,1], a 3aTeM nepuoaMYecKkoe Ha BCIO NPAMYIO.

3aknrouenue

Teopus psAOB UMEET MIMPOKOE NMPUMEHEHUS B PA3JIMYHBIX JTHCIUILIU-
Hax, UCIIOJIb3YETCS IPH PEIICHNUN NPUKIAJIHBIX 3a/1a4.

B MaremaTnyeckoM aHanau3e CTENEHHBIC PAIBI MPUMEHSIOTCS JUISl BbI-
YUCIIEHUS Tpenena (YHKIUM, NPU BBINOJHEHUH NPUOIMKEHHBIX BbIUKCIIE-
HUI, BBIYUCICHUM 3HAYEHUI MPOU3BOJHOW (YHKIMH B TOUKE, HAXOXKICHUU
CyMMBI psiia. Teopust psoB UCHIONB3YETCSI B TEOPUM (PYHKIIMI KOMIUIEKCHON
nepeMeHHoil. B kypce OOBIKHOBEHHBIX AH(PPEpeHIUaNbHBIX YPAaBHEHUH ¢
MTOMOIIIBIO PSAOB pemaroT 3anauy Komm. [l MaremaTtudeckoi GU3MKU Me-
TosioM Dypbe peraroT ypaBHEHHs KOoJIeOaHU CTPYHBI, TETJIONPOBOJHOCTH U
Ap.

B Teopum BepoOsSTHOCTEN M B TEOPUM CIIy4alHBIX ITPOLIECCOB K psaam
oOpamarTcss NpU PACCMOTPEHUU BOMPOCOB HAXOXKIEHUS XaAPAKTEPUCTUK
CIIy4ailHbIX  BEJIMYMH, HAaxXOXIECHUU NPOU3BOASAIIECH  (QYHKIMM, IS
CIEKTPAJIIBHOTO PA3JI0KEHUS CTAMOHAPHBIX CIIyYalHBIX MPOLECCOB U JIp.

B kypce pamMoTeXHUKHM C NOMOWIBI pAnoB Pypbe HU3Yy4HaAIOTCA
NEPUOJIMYECKUE CUTHAJIBI, CTPOSTCS aMIUIMTYAHbIE U (pa30BbIN crieKTpbl. Ha
OCHOBE MHTerpajga u mnpeobOpazoBaHusi Dypbe uU3ydaOTCsT CHEKTPbI
HEIEPUOJNYECKUX CUTHAIIOB.

[Ipeobpa3zoBanne Pypbe — ITO MaTeMaTHUECKass OCHOBA TEOPUH aBTO-
MaTH4ecKoro ynpasieHus. [lpu pa3zpaOoTke NpUKIaIHBIX TPOOIEM KypCOBO-
ro ¥ JUIJIOMHOTO MPOEKTUPOBAHMS TAK)KE NPUMEHSIOT JAaHHYIO TEOPHIO (BO-
IPOCHI HAJIE)KHOCTU Pa3pabdaThIBAEMOIN CHCTEMBI, BOMPOCH aHalu3a (QyHKIH-
OHHUPOBAHUSA 00BEKTA H JIP.).

Jliist Gonee riayOOKOTrO M3y4YeHHUs BOIPOCOB PELICHUS 3a/1ad HA OCHOBE
TEOPUU PSAAOB B PA3NMYHBIX JUCHUIUIMHAX PEKOMEHAYETCS AONOJHUTEIbHAS
JauTepaTypa.
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